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Devwudfw
Lq wklv sdshu/ zh suhvhqw d vw|ol}hg frqwlqxrxv wlph prgho lqwhjudwlqj wkh pdfurhfrqrp|
dqg wkh erqg pdunhwv1 Zh xvh wklv iudphzrun wr hvwlpdwh +uhdo, lqwhuhvw udwh srolf|
uxohv xvlqj lqirupdwlrq frqwdlqhg lq erwk pdfurhfrqrplf yduldeohv +l1h1 rxwsxw dqg lq0
 dwlrq, dqg lq wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Zh h{whqg wkh vwdqgdug Ndopdq owhu
surfhgxuh lq rughu wr hvwlpdwh wklv prgho h!flhqwo|1 Dssolfdwlrq wr wkh X1V1 hfrqrp|
vkrzv wkdw wklv prgho lv deoh wr hvwlpdwh wkh pdfurhfrqrplf g|qdplfv dffxudwho| dqg
wkdw wkh vwdqgdug ihhgedfn uxoh rqo| lq revhuydeoh idfwruv lv qrw ydolg zlwklq wklv iudph0
zrun1 Pruhryhu/ zh qg wkdw revhuydeoh pdfurhfrqrplf yduldeohv gr qrw h{sodlq pxfk
ri wkh whup vwuxfwxuh1 Krzhyhu/ +owhuhg, vwrfkdvwlf fhqwudo whqghqflhv ri wkhvh pdfur0
hfrqrplf yduldeohv gr1 Ilqdoo|/ erwk revhuydeoh dqg qrq0revhuydeoh idfwruv ghwhuplqh wkh
ulvn suhpld dqg khqfh wkh h{fhvv kroglqj uhwxuqv ri wkh erqgv1
Nh|zrugv= Hvvhqwldoo| d!qh whup vwuxfwxuh prgho/ ihhgedfn lqwhuhvw udwh uxoh/ iruhfdvw0
lqj1
M1H1O1= H76/ H77/ H851
WFruuhvsrqglqj dxwkru1 Ghwdlov iru fruuhvsrqghqfh= Fhqwhu iru Hfrqrplf Vwxglhv/ Qddpvhvwuddw 9</ E06333
Ohxyhq/ Ehojlxp1 Who= +.,65 +3,49 659;8</ hpdlo= kdqv1ghzdfkwhuChfrq1nxohxyhq1df1eh1 Nrqvwdqwlmq Pdhv lv
Dvsludqw ri wkh IZR0Yoddqghuhq1 Zh duh judwhixo iru qdqfldo vxssruw iurp wkh IZR0Yoddqghuhq +Surmhfw
Qr1= J13665134,1 Zh wkdqn vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Iudqnixuw dqg/ lq sduwlfxodu/ \xqxv
Dnvr|/ Iudqn Vphwv dqg Yrofnhu Zlhodqg iru xvhixo frpphqwv1 Reylrxvo| wkh| gr qrw vkduh dq| uhvsrqvlelolw|
iru uhpdlqlqj huuruv14 Lqwurgxfwlrq
Lq wklv sdshu/ zh suhvhqw dqg hvwlpdwh d frqwlqxrxv wlph whup vwuxfwxuh prgho lqfrusrudwlqj
erwk revhuydeoh hfrqrplf djjuhjdwhv +rxwsxw dqg lq dwlrq, dqg odwhqw yduldeohv1 Wklv prgho
lv wkxv fdsdeoh ri ghvfulelqj irupdoo| wkh lqwhuuhodwlrqv ehwzhhq wkh pdfurhfrqrp| dqg wkh
erqg pdunhwv1 Vxfk d irupdo ghvfulswlrq lv lpsruwdqw iru vhyhudo uhdvrqv1 Iluvw/ lw doorzv xv
wr wdnh wkh vwdqgdug +pxowl0idfwru, whup vwuxfwxuh prghov rqh ohyho ghhshu e| dw ohdvw sduwldoo|
olqnlqj dqg lqwhusuhwlqj wkh odwhqw idfwruv lq whupv ri revhuydeoh hfrqrplf djjuhjdwhv1 Vhfrqg/
lw pdnhv srvvleoh wkh hvwlpdwlrq dqg ydolgdwlrq ri srolf| uhdfwlrq ixqfwlrqv ri d fhqwudo edqnhu
+wkh vr0fdoohg ihhgedfn uxohv, edvhg rq lqirupdwlrq lq wkh hqwluh whup vwuxfwxuh +lqvwhdg ri
lqirupdwlrq frqwdlqhg lq wkh vkruw udwh rqo|,1 Wklug/ lw hqdeohv wkh dqdo|vlv ri wkh hhfwv ri
dowhuqdwlyh prqhwdu| srolf| uxohv rq wkh erqg pdunhwv wkurxjkrxw wkh vshfwuxp ri pdwxulwlhv1
Lq wklv sdshu/ zh pdlqo| irfxv rq wkh uvw wzr uhdvrqv iru lqwurgxflqj wklv qhz prgho dqg
hvwlpdwlrq whfkqltxh1
Wxuqlqj wr wkh uvw ri wkh uhdvrqv phqwlrqhg/ rqh prwlydwlrq wr hvwlpdwh vxfk d k|eulg
prgho lv wkh +sduwldo, lghqwlfdwlrq ri wkh gulylqj idfwruv ehklqg wkh |lhog fxuyh1 Vwdqgdug
+pxowl0idfwru, whup vwuxfwxuh olwhudwxuh lghqwlhv wkh ghwhuplqdqwv ri wkh g|qdplfv ri wkh
|lhog fxuyh pdlqo| lq whupv ri idfwruv ghqhg rq wkh |lhog fxuyh lwvhoi1 Wkhvh idfwruv duh wkhq
iuhtxhqwo| odehohg dv ohyho/ vorsh dqg fxuydwxuh idfwruv dffruglqj wr wkhlu hhfwv rq wkh |lhog
fxuyh1 Krzhyhu/ wkhvh frqfhswv gr qrw eulqj xv dq| ixuwkhu lq xqghuvwdqglqj wkh gulylqj
irufhv ehklqg wkh |lhog fxuyh1 Dq dowhuqdwlyh wr wkhvh ixoo| odwhqw idfwruv lv wkh ghulydwlrq ri
d frpsohwh jhqhudo htxloleulxp prgho olqnlqj wkh whup vwuxfwxuh wr wkh h{rjhqrxv idfwruv ri
wkh hfrqrp| +vhh/ iru lqvwdqfh/ Ednvkl dqg Fkhq +4<<9,/ Ehudugl +5334,/ Exudvfkl +4<<9, dqg
Zx +5333,,1 Wklv dssurdfk kdv wkh dgydqwdjh wkdw wkh odwhqw idfwruv duh ghqhg rq wkh zkroh
hfrqrp| dqg wkxv kdyh d fohdu dqg xqdpeljxrxv phdqlqj lq whupv ri hfrqrplf djjuhjdwhv1
Krzhyhu/ jlyhq wkh fxuuhqw vwdwh ri h{solflw jhqhudo htxloleulxp prgholqj/ lw pd| eh wrr hduo|
wr lpsrvh doo ri wkh furvv0vhfwlrqdo uhvwulfwlrqv lpsrvhg e| dq| vxfk d jhqhudo htxloleulxp
prgho rq wkh hpslulfdo gdwd1 Lq wklv sdshu/ zh iroorz wkh dowhuqdwlyh +lqwhuphgldwh, urxwh ri
lghqwli|lqj wkh gulylqj irufhv ehklqg wkh whup vwuxfwxuh1 Pruh vshflfdoo|/ zh rqo| lpsrvh wkh
qhfhvvdu| qr0duelwudjh frqglwlrqv rq d frqwlqxrxv wlph yhfwru dxwruhjuhvvlyh +YDU, v|vwhp
frqwdlqlqj erwk revhuydeoh dqg odwhqw idfwruv1 Dv vxfk/ zh dyrlg wkh qhhg wr ixoo| vshfli| wkh
vwuxfwxuh ri wkh hfrqrp| zkloh vwloo uhwdlqlqj wkh srvvlelolw| ri d +sduwldo, lghqwlfdwlrq ri wkh
gulylqj idfwruv ehklqg wkh whup vwuxfwxuh lq whupv ri revhuydeoh pdfurhfrqrplf djjuhjdwhv
+vhh Dqj dqg Sld}}hvl +5334,/ Sld}}hvl +5334, dqg Iohplqj dqg Uhprorqd +5334,,14 Wkh
frqwulexwlrq ri wklv sdshu lv wkdw zh uhfdvw wkhvh YDU prghov lq d frqwlqxrxv wlph iudphzrun
4Reylrxvo|/ wkh lqfoxvlrq ri revhuydeoh idfwruv grhv qrw qhfhvvdulo| lpso| lghqwlfdwlrq ri wkh odwhqw idfwruv
lq wkh prgho1 Krzhyhu/ zh doorz iru d fohdu dqg xqdpeljxrxv lghqwlfdwlrq ri wkh odwhqw idfwruv e| frqvwuxfwlrq1
Vshflfdoo|/ zh lpsrvh wkh odwhqw idfwruv wr vhuyh dv vwrfkdvwlf dwwudfwruv iru wkh revhuydeoh idfwruv1
5wkdw doorzv iru dq xqdpeljxrxv lqwhusuhwdwlrq ri wkh odwhqw idfwruv1 Pruh vshflfdoo|/ wkh
prgho lv vxfk wkdw odwhqw idfwruv kdyh wkh lqwhusuhwdwlrq ri fhqwudo whqghqflhv/ l1h1 orqj0uxq
h{shfwdwlrqv ri wkh revhuydeoh +pdfur, idfwruv1 Dv vkrzq e| Nr}lfnl dqg Wlqvoh| +5334,/
prgholqj orqj0uxq h{shfwdwlrqv +hqgsrlqwv lq wkhlu whuplqrorj|, lv fuxfldo iru wwlqj wkh
orqjhu hqg ri wkh |lhog fxuyh1
Wkh vhfrqg uhdvrq wr dgrsw wkh surfhgxuh suhvhqwhg lq wklv sdshu lv uhodwhg wr wkh gh0
whuplqdwlrq ri wkh htxloleulxp lqvwdqwdqhrxv ulvnohvv lqwhuhvw udwh1 Zkloh jhqhudo htxloleulxp
prghov fdq hqgrjhqrxvo| ghulyh wkh htxloleulxp lqwhuhvw udwh/ rwkhu dssurdfkhv fdqqrw1 Lq
rughu wr rewdlq wkh g|qdplfv ri wkh lqvwdqwdqhrxv lqwhuhvw udwh/ lw kdv ehfrph vwdqgdug wr
dvvxph d gluhfw olqn ehwzhhq prqhwdu| srolf| dqg wklv lqvwdqwdqhrxv udwh lq wkh irup ri d
ihhgedfn lqwhuhvw udwh uxoh +vhh/ iru lqvwdqfh/ Zx +5333, ru Dqj dqg Sld}}hvl +4<<<,,1 Ryhu
wkh sdvw whq |hduv/ wkhvh srolf| uxohv kdyh ehhq vwxglhg h{whqvlyho| zlwk pl{hg vxffhvv1 Iru
lqvwdqfh/ lq d pxowl0frxqwu| vwxg| Fodulgd/ Jdoð dqg Jhuwohu +4<<;, qg pl{hg hylghqfh iru wkh
h{lvwhqfh ri d Wd|oru uxoh1 Wkh Wd|oru uxoh vhhpv wr eh vxffhvvixo lq uhsolfdwlqj wkh g|qdplfv
ri wkh vkruw0uxq +vd|/ wkuhh prqwkv, lqwhuhvw udwhv/ hvshfldoo| diwhu 4<;31 Krzhyhu/ lw idlov
hqwluho| lq prgholqj wkh hqwluh whup vwuxfwxuh g|qdplfv1 Pruh vshflfdoo|/ zkhq hvwlpdwlqj
Wd|oru uxohv lq dq duelwudjh0iuhh prgho iru wkh whup vwuxfwxuh/ zh qg wkdw wkh Wd|oru uxoh
euhdnv grzq frpsohwho|$ Wklv vxjjhvwv wkdw vrph fuxfldo idfwruv prgholqj wkh g|qdplfv ri
wkh orqjhu hqg ri wkh |lhog fxuyh duh ohiw rxw lq wklv vwdqgdug Wd|oru uxoh +vhh dovr Nr}lfnl
dqg Wlqvoh| +5334,,1 Wkhvh idfwruv duh lqfoxghg lq wklv sdshu lq whupv ri odwhqw idfwruv1 Zh
dovr ghqh wkh htxloleulxp lqvwdqwdqhrxv lqwhuhvw udwh lq whupv ri dq huuru0fruuhfwlrq prgho
+HFP, zlwk d orqj0uxq dwwudfwru frpsulvhg ri d orqj0uxq srolf| uxoh iru wkh uhdo lqwhuhvw udwh1
Wklv srolf| uxoh lv ghqhg lq whupv ri erwk revhuydeoh dqg qrq0revhuydeoh pdfurhfrqrplf
idfwruv1 Wklv ghqlwlrq ri wkh lqvwdqwdqhrxv lqwhuhvw udwh forvhv wkh prgho1 Wrjhwkhu zlwk
w k hq r 0 d u e l w u d j hf r q g l w l r q vd q gd v v x p s w l r q vd e r x ww k hs u l f h vr iu l v n /w k hl q w h u h v wu d w hg h  q l 0
wlrq ghwhuplqhv wkh vhqvlwlylwlhv ri rwkhu erqg udwhv dqg/ dv vxfk/ ghwhuplqhv wkh zkroh whup
vwuxfwxuh ri lqwhuhvw udwhv1 Lq wklv zd|/ zh frqwulexwh wr wkh olwhudwxuh e| hvwlpdwlqj srolf|
uxohv rq wkh hqwluh whup vwuxfwxuh ri lqwhuhvw udwhv/ dv rssrvhg wr wkh vwdqgdug dssurdfk ri
hvwlpdwlqj Wd|oru uxohv rq vkruw0 whup lqwhuhvw udwhv rqo|1 Rxu prgho dovr surylghv d sdqho
gdwd whvw rq wkh ydolglw| ri ihhgedfn srolf| uxohv1 Li prqhwdu| dxwkrulwlhv iroorz vrph w|sh
ri ihhgedfn uxoh nqrzq e| wkh pdunhw wkhq wkh g|qdplfv ri wkh yduldeohv hqwhulqj wkh srolf|
uxoh wrjhwkhu zlwk wkh +dvvxphg, ulvn dwwlwxgh ri djhqwv ghwhuplqh wkh hqwluh whup vwuxfwxuh
ri lqwhuhvw udwhv lq d frpsohwh fdslwdo pdunhw1
Ilqdoo|/ rxu dssurdfk/ l1h1 fdvwlqj wkh prgho lq frqwlqxrxv wlph/ jlyhv xv vhyhudo dgydq0
wdjhv ryhu wkh h{lvwlqj olwhudwxuh1 Iluvw/ rqo| e| hvwlpdwlqj d frqwlqxrxv wlph prgho/ zh
fdq dqdo|wlfdoo| lpsrvh wkh qr0duelwudjh frqglwlrq fduhixoo| zlwklq d eurdg fodvv ri prghov1
Dv vxfk/ duelwudjh rssruwxqlwlhv fdq eh uxohg rxw lq frqwlqxrxv wlph dqg khqfh dovr iru dq|
6orqjhu glvfuhwh wlph lqyhvwphqw lqwhuydo1 Vhfrqg/ dowkrxjk zh idfh wkh vwdqgdug Ydvlfhn uh0
vwulfwlrqv iru wkh g|qdplfv ri wkh idfwruv/ zh h{whqg wkh prgho wr doorz iru wlph0ydu|lqj ulvn
suhpld dorqj wkh olqhv ri Gxhh +5334, dqg Gdl dqg Vlqjohwrq +5334,1 Wklv h{whqvlrq doorzv
xv wr dqdo|}h wkh hhfwv ri pdfurhfrqrplf yduldeohv rq wkh vl}h dqg vljq ri wkh ulvn suhpld1
Wklug/ rxu prgho lghqwlhv vwuxfwxudo vkrfnv lq erwk wkh revhuydeoh dqg odwhqw yduldeohv dqg
wkxv doorzv xv wr dqdo|}h lpsxovh uhvsrqvhv dqg yduldqfh ghfrpsrvlwlrqv ri wkh |lhog fxuyh
lq whupv ri zhoo0ghqhg vwuxfwxudo vkrfnv1
Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh glvfxvv wkh pdfurhfr0
qrplf prgho zh lpsrvh rq wkh gdwd1 Wklv prgho lv h{suhvvhg lq whupv ri wkh YDU g|qdplfv
erwk lq whupv ri wkh rxwsxw jds dqg lq dwlrq dv zhoo dv lq whupv ri wkh hhfwv ri odwhqw
idfwruv1 Zh dovr lqwurgxfh wkh frqwlqxrxv wlph +uhdo, lqwhuhvw udwh srolf| uxoh dorqj wkh olqhv
vwdwhg deryh1 Vxevhtxhqwo|/ zh ghulyh wkh erqg sulfh ghwhuplqdwlrq e| vwdwlqj wkh frqwlqx0
rxv wlph pdfur prgho lq glvfuhwh wlph vwdwh vsdfh irup1 Vhfwlrq 6 ghdov zlwk wkh hpslulfdo
lpsohphqwdwlrq ri wkh prgho1 D fuxfldo sureohp lv wkdw wkh lqwurgxfwlrq ri revhuydeoh idf0
wruv +frqwdlqlqj vwurqj f|folfdo frpsrqhqwv/ iru lqvwdqfh lq wkh rxwsxw jds, pd| jhqhudwh
lpdjlqdu| hljhqydoxhv/ uhqghulqj wkh wudglwlrqdo vshfwudo ghfrpsrvlwlrq hvwlpdwlrq surfhgxuh
ri whup vwuxfwxuh prghov/ dv sursrvhg lq wkh olwhudwxuh +h1j1 gh Mrqj +5333,,/ wkhruhwlfdoo|
lqihdvleoh51 Zh lqwurgxfh dq dowhuqdwlyh hvwlpdwlrq surfhgxuh wkdw vroyhv wkh edvlf sureohp
0wkh frpsxwdwlrq ri d pdwul{ h{srqhqwldo0 lq dq h!flhqw zd|1 Wkh hvwlpdwlrq uhvxowv duh
s u h v h q w h gl qV h f w l r q7= Lq wklv vhfwlrq zh dovr shuirup d yduldqfh ghfrpsrvlwlrq dqdo|vlv lq
rughu wr phdvxuh wkh lpsruwdqfh ri pdfurhfrqrplf vkrfnv lq wkh yduldelolw| ri wkh |lhog fxuyh1
Qh{w/ zh dqdo|}h wkh lpsxovh uhvsrqvhv ri wkh |lhog fxuyh wr wkh glhuhqw vwuxfwxudo vkrfnv
dqg zh hqg wkh vhfwlrq zlwk dq hydoxdwlrq ri wkh iruhfdvwlqj shuirupdqfh ri wkh prgho1 Zh
frqfoxgh lq Vhfwlrq 8 e| vxppdul}lqj wkh pdlq qglqjv dqg srlqwlqj rxw vrph lvvxhv iru
ixwxuh uhvhdufk1
5D v w | o l } h g p r g h o
Wkh prgho lv frqvwuxfwhg lq vxfk d zd| wkdw lw wv shuihfwo| zlwklq wkh fodvv ri d!qh whup
vwuxfwxuh prghov +DWVP,1 Dv vxfk/ lw lv zhoo0vxlwhg iru dqdo|}lqj wkh lpsolfdwlrqv ri revhuy0
deoh pdfurhfrqrplf djjuhjdwhv iru wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Iluvw/ zh vhw rxw wkh
dvvxpswlrqv frqfhuqlqj wkh pdfurhfrqrplf iudphzrun dqg wkh prqhwdu| srolf| uxoh1 Vhf0
rqg/ zh uhzulwh wkh prgho lq d jhqhudo vwdwh vsdfh uhsuhvhqwdwlrq dqg/ qdoo|/ zh dqdo|}h wkh
lpsolfdwlrqv iru wkh whup vwuxfwxuh ri lqwhuhvw udwhv1
5Dffruglqj wr Gdl dqg Vlqjohwrq +4<<:/ QEHU zrunlqj sdshu yhuvlrq ri Gdl dqg Vlqjohwrq/ 5333,/ wkh
dvvxpswlrq wkdw wkh hljhqydoxhv duh uhdo uxohv rxw vrph srwhqwldoo| lqwhuhvwlqj g|qdplfv dvvrfldwhg zlwk
frpsoh{ hljhqydoxhv1 Ehdjohkroh dqg Whqqh| +4<<4, h{sdqg wkh fodvv ri lqwhuhvw udwh surfhvvhv wr doorz pruh
g|qdplf srvvlelolwlhv1 Lq sduwlfxodu/ wkh| suhvhqw surfhvvhv zlwk ghfd|lqj rvfloodwru| ehkdylru1
7514 G|qdplfv ri pdfurhfrqrplf dqg odwhqw idfwruv
Lq wklv vhfwlrq/ zh suhvhqw d vlpsoh dqg vw|ol}hg frqwlqxrxv wlph prgho iru wkh g|qdplfv
ri pdfurhfrqrplf djjuhjdwhv/ l1h1 wkh rxwsxw jds |+w, dqg lq dwlrq +w,1 Lq rughu wr hdvh
w k hh p s l u l f d ol p s o h p h q w d w l r qr iw k hp r g h o /z hd v v x p hi u r pw k hv w d u ww k d we d f n z d u g 0 o r r n l q j
prghov duh jrrg dssur{lpdwlrqv ri uhdolw|1 Wkh pdfurhfrqrplf prgho lv wkhq exlow e| wkh
dvvxpswlrqv lpsrvhg rq lwv g|qdplfv=
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zkhuh Z￿ +w,>l@ i|> > |W> Wj/ ghqrwh lqghshqghqw Zlhqhu surfhvvhv ghqhg rq wkh sure0
delolw| vsdfh +>I>S, zlwk owudwlrq I|= Dv vxfk/ zh fdq lqwhusuhw wkh vkrfnv gZ+w, dv
vwuxfwxudo vkrfnv lq rxwsxw jds/ lq dwlrq dqg vwuxfwxudo +orqj0uxq, rxwsxw jds dqg lq d0
wlrq/ uhvshfwlyho|1 Wkh g|qdplfv ri wkh v|vwhp duh edvlfdoo| prghohg lq whupv ri +odwhqw,
fhqwudo whqghqflhv +|Wdqg W, dqg lq whupv ri ghyldwlrqv iurp wkhvh fhqwudo whqghqflhv/ h1j1
+|+w,  |W+w,,= Irupdoo|/ zh rqo| doorz ghyldwlrqv iurp wkh fhqwudo whqghqflhv wr ghwhuplqh
wkh vkruw0uxq g|qdplfv ri wkh uhvshfwlyh pdfurhfrqrplf yduldeohv1 Lq wklv zd|/ zh dfwxdoo|
hqvxuh wkdw wkh h{rjhqrxv fhqwudo whqghqf| yduldeohv zloo dfw dv orqj0uxq dwwudfwruv lq wklv
v|vwhp16 Wkh prgho lv forvhg zlwk wkh iroorzlqj ghqlwlrq iru wkh lqvwdqwdqhrxv lqwhuhvw udwh
u+w,=
u+w,  +w,.+w, +5,
Zh +lpsolflwo|, dvvxph wkdw wkh prqhwdu| dxwkrulw| xvhv d ihhgedfn uxoh iru wkh uhdo lqwhuhvw
udwh1 Pruh vshflfdoo|/ zh dvvxph wkdw fkdqjhv lq wkh +h{0srvw, uhdo lqwhuhvw udwh  duh d
uhvsrqvh wr ghyldwlrqv ri wkh rxwsxw jds dqg2ru lq dwlrq iurp wkhlu fhqwudo whqghqflhv dqg wr
d phdq uhyhuwlqj +uhdo lqwhuhvw udwh vprrwklqj, frpsrqhqw uhodwlyh wr d vwrfkdvwlf orqj uxq
phdq W +w,=
g+w,@+ 4+ +|W +w,  |+w,, . 4Z +W+w,  +w,, . 44 +W+w,  +w,,,gw . 4gZ4 +w,
W +w,@f . +|+w,.Z+w,.+W|W+w,.ZWW +w,=
+6,
6Qrwh wkdw wkhvh orqj0uxq fhqwudo whqghqflhv fdq rqo| vhuyh dv orqj0uxq dwwudfwruv li wkh g|qdplfv duh vwdeoh1
Lq wkh hvwlpdwlrq ri wkh v|vwhp zh lpsrvh vwdelolw| ri wkh idfwruv dqg wkxv wkh orqj0uxq dwwudfwlqj surshuw| ri
wkh h{rjhqrxv fhqwudo whqghqflhv1
8Qrwh wkdw wkh deryh htxdwlrqv ghqh d fhqwudo edqn srolf| uxoh lq whupv ri wkh uhdo lqwhuhvw udwh
g|qdplfv1 Wklv srolf| uxoh fdq eh ghfrpsrvhg lqwr d orqj0uxq srolf| uxoh iru wkh uhdo lqwhuhvw
udwh/ fdswxuhg e| wkh vwrfkdvwlf surfhvv W +w,= Zh doorz wklv orqj uxq uxoh wr eh ghshqghqw
rq erwk revhuyhg pdfur0hfrqrplf vhulhv dv zhoo dv wkhlu fhqwudo whqghqflhv1 Krzhyhu/ Wkh
fhqwudo edqn dovr kdv d vkruw uxq srolf| ixqfwlrq/ dv fdq eh lqihuuhg iurp wkh dfwxdo h{shfwhg
g|qdplfv lq +6,1 Wkh fhqwudo edqn dovr uhvsrqgv wr ghyldwlrqv lq wkh rxwsxw dqg lq dwlrq
iurp wkhlu fhqwudo whqghqflhv1
Wkh g|qdplfv frqirup zhoo wr wkh vwdqgdug pdfurhfrqrplf ylhz1 Pruh vshflfdoo|/ zh
doorz hdfk ri wkh revhuydeoh hfrqrplf yduldeohv/ rxwsxw jds dqg lq dwlrq/ wr eh dhfwhg
wkurxjk wkuhh fkdqqhov= wkh +lqvwdqwdqhrxv, uhdo lqwhuhvw udwh +,/ wkh rwkhu hfrqrplf yduldeoh
+rxwsxw jds ru lq dwlrq, dqg/ qdoo|/ d phdq uhyhuwlqj frpsrqhqw prgholqj wkh srvvleoh
lqhuwld lq wkh dgmxvwphqw surfhvv1 Fhqwudo whqghqflhv ri rxwsxw dqg lq dwlrq duh dvvxphg wr
eh vwulfwo| h{rjhqrxv dqg lqghshqghqw surfhvvhv1
Wkh deryh uhsuhvhqwdwlrq ri wkh g|qdplfv ri wkh hfrqrp| fdq hdvlo| eh uhvwdwhg lq pdwul{
qrwdwlrq1 Ghqrwlqj q dv wkh qxpehu ri idfwruv lq wkh prgho/ yh lq rxu fdvh/ zh ghqh wkh
yhfwruv ri q idfwruv dqg vkrfnv dqg dq q { q gldjrqdo pdwul{ V dv=
i +w, 
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+7,
wkh g|qdplfv ri wkh hfrqrp| fdq eh uhvwdwhg dv iroorzv=
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Qrwh wkdw gxh wr wkh idfw wkdw wkh pdwul{ N lv lq jhqhudo qrw gldjrqdo/ forvhg irup htxdwlrqv
iru wkh h{shfwdwlrq ri wkh ohyho dqg2ru wkh fryduldqfh pdwul{ ri wkh idfwruv duh qrw hdvlo|
rewdlqhg1 Reylrxvo|/ wkhvh frqfhswv duh ri juhdw lpsruwdqfh lq whupv ri iruhfdvwlqj wkh
ixwxuh hyroxwlrq ri wkh vwdwh +ri wkh hfrqrp|,1 Uxqqlqj dkhdg ri wklqjv/ rqh fdq frqvwuxfw
9wkh phdq dqg fryduldqfh pdwul{ ri wkh idfwruv e| qxphulfdoo| vroylqj d v|vwhp ri ruglqdu|
glhuhqwldo htxdwlrqv +RGHv, iru wkh udz prphqwv ri hdfk ri wkh idfwruv lqyroyhg +vhh Vhfwlrq
61415 ehorz,1
515 Lpsolfdwlrqv iru erqg pdunhwv
Htxdwlrq +8, frpsohwho| vshflhv wkh g|qdplfv ri wkh pdfurhfrqrplf yduldeohv dqg wkh lq0
vwdqwdqhrxv +srolf|, lqwhuhvw udwh1 Wklv v|vwhp/ wkhuhiruh/ pxvw dovr ghwhuplqh +xs wr vrph
ulvn suhplxp frpsrqhqw, wkh whup vwuxfwxuh ri lqwhuhvw udwhv dqg lwv g|qdplfv1 Devhqfh ri
duelwudjh rssruwxqlwlhv lq idfw lpsolhv wkdw }hur0frxsrq ghidxow0iuhh erqg sulfhv dw wlph w>















zkhuh T ghqrwhv wkh ulvn0qhxwudo suredelolw| phdvxuh1 Lq jhqhudo/ wklv ulvn0qhxwudo sured0
elolw| lv xqnqrzq dqg fdq rqo| eh vshflhg e| dvvxplqj vrph vshflfdwlrq iru wkh sulfhv ri
idfwru ulvn1 Iroorzlqj Gxhh +5334,/ wlph yduldelolw| lq wkh sulfhv ri ulvn fdq eh fdswxuhg e|
vshfli|lqj sulfhv ri ulvn dv dq d!qh ixqfwlrq ri wkh odwhqw idfwruv1 Wkh yhfwru frqwdlqlqj wkh
+wlph0ydu|lqj, sulfhv ri ulvn 1 lv ghqhg dv=
1+w,@V . V3￿i+w,>
zkhuh   ++> Z> 4> +WZW,￿ dqg  dq q { q pdwul{ frqwdlqlqj wkh vhqvlwlylwlhv ri wkh
sulfhv ri ulvn wr wkh ohyhov ri wkh vwdwh vsdfh idfwruv1 Fkdqjlqj phdvxuhv lv wkhq hdvlo| grqh
e| phdqv ri wkh Jluvdqry wkhruhp=
gZ+w,@ g  Z+w, 1+w,gw> +:,
zkhuh  Z￿ +w, frqvwlwxwhv d pduwlqjdoh xqghu phdvxuh T= Vwdwh vsdfh g|qdplfv fdq eh uhvwdwhg
lq whupv ri wklv ulvn0qhxwudo phwulf T dv=
gi +w,@ N

  i +w,

gw . Vg  Z+w,
 N @ N . 





D ixqfwlrqdo irup iru erqg sulfhv fdq eh rewdlqhg e| dvvxplqj wkdw erqg sulfhv duh wlph
krprjhqhrxv ixqfwlrqv ri wkh idfwruv i +w, dqg wkh wlph wr pdwxulw|   W  w=






:zkhuh e+, lv dq q { 4 yhfwru dqg e| lpsrvlqj wkh qr0duelwudjh frqglwlrq lq wkh erqg pdunhwv=
G’ +s+i +w,>,, @ u+w,s+i +w,>,> +43,
zkhuh G’ ghqrwhv wkh G|qnlq rshudwru xqghu wkh suredelolw| phdvxuh T1 Wkh lqwxlwlyh
phdqlqj ri wkh odwwhu frqglwlrq lv wkdw/ rqfh wudqviruphg wr d ulvn0qhxwudo zruog/ lqvwdqwdqhrxv
kroglqj uhwxuqv iru doo erqgv duh htxdo wr wkh lqvwdqwdqhrxv ulvnohvv lqwhuhvw udwh1 Reylrxvo|/
xvlqj Jluvdqry*v wkhruhp zh fdq lpphgldwho| lqihu wkh lpsolfdwlrqv iru wkh uhdo zruog e|
fkdqjlqj phdvxuh iurp wkh ulvn0qhxwudo rqh wr wkh klvwrulfdo phdvxuh S= Fkdqjlqj phdvxuh
rqo| dhfwv wkh guliw dqg/ wkhuhiruh/ wkh lqvwdqwdqhrxv kroglqj uhwxuq xqghu wkh klvwrulfdo
suredelolw| phdvxuh iru d erqg zlwk pdwxulw|  pd| eh zulwwhq dv=
G￿ +s+i +w,>,,
s+i +w,>,
@ u+w,  e+,
￿V1+w, +44,
Htxdwlrqv +<, dqg +43, ghwhuplqh wkh vroxwlrq iru wkh ixqfwlrqv d+, dqg e+, lq whupv

















@ ef   N￿e+,
+45,
D sduwlfxodu vroxwlrq wr wklv v|vwhp ri RGHv lv rewdlqhg e| vshfli|lqj d vhw ri lqlwldo frqglwlrqv
rq d dqg e= Lqvshfwlrq ri htxdwlrq +<, lpphgldwho| vkrzv wkdw wkh uhohydqw lqlwldo frqglwlrqv
duh= d+3, @ 3 dqg e+3, @ 3= Wkh yhfwruv ri frqvwdqwv df dqg ef duh ghqhg e| wkh lqwhuhvw
udwh ghqlwlrq htxdwlrq +5, dqg wdnh lq wkh vhwwlqj ri wklv sdshu wkh ydoxhv= df @3dqg ef
@+ 34433 ,
￿1
Wkh erqg sulflqj vroxwlrq glhuv lq lpsruwdqw zd|v iurp wkh vwdqgdug +lqghshqghqw,
pxowl0idfwru whup vwuxfwxuh olwhudwxuh1 Iluvw/ doorzlqj iru lqwhuuhodwlrqv dprqj wkh idfwruv
+l1h1 qrq0}hur r0gldjrqdo hohphqwv lq  N, jhqhudwhv d frxsohg v|vwhp ri RGHv lqvwhdg ri d
vhw ri xqfrxsohg RGHv1 Wkh erqg sulflqj vroxwlrq iru wkh d dqg e ixqfwlrqv/ wkhuhiruh/ gr
qrw uhgxfh wr wkh vwdqgdug pxowl0idfwru uhvxow +vhh/ iru lqvwdqfh/ gh Mrqj +5333,,1 Vhfrqg/ wkh
idfwru ordglqjv qr orqjhu vwduw iurp xqlw| dw pdwxulw|  @3 = Wkh lqwurgxfwlrq ri vwrfkdvwlf
fhqwudo whqghqflhv pdnhv wkdw doo ri wkh wkhvh idfwruv kdyh }hur ordglqjv lq wkh ghwhuplqdwlrq ri
wkh vkruw udwh1 Wkh| rqo| lq xhqfh wkh lqvwdqwdqhrxv udwh lqgluhfwo| e| vhuylqj dv d orqj0uxq
+vwrfkdvwlf, dwwudfwru1
;6 Hpslulfdo lpsohphqwdwlrq
614 Pdfurhfrqrplf prgho lq vwdwh vsdfh qrwdwlrq
Lq wklv vhfwlrq/ zh suhvhqw dq h!flhqw hvwlpdwlrq phwkrg wr hvwlpdwh erwk wkh vwdwh0vsdfh
g|qdplfv/ lqfoxglqj revhuydeoh dqg qrq0revhuydeoh idfwruv/ dv zhoo dv wkh sulfhv ri ulvn/ lpsolhg
e| wkh whup vwuxfwxuh1 Wkh dvvxpswlrq ri wkh suhvhqfh ri xqrevhuyhg idfwruv lpsolhv wkdw
vrph owhulqj surfhgxuh qhhgv wr eh dssolhg wr uhfryhu wkh wlph vhulhv ri wkh idfwruv1 Lq
rughu wr dyrlg dg krf | l h o gf x u y hl q y h u v l r qs u r f h g x u h v+ S h d u v r qd q gV x q+ 4<<7,/ Fkhq dqg
Vfrww +4<<6,, zh rsw iru d Ndopdq owhu dojrulwkp71 Zkloh wkh Ndopdq owhu hvwlpdwlrq
surfhgxuh iru d!qh prghov lv zhoo hvwdeolvkhg lq wkh fdvh zkhuh doo idfwruv duh dvvxphg wr
eh xqrevhuyhg +vhh gh Mrqj +5333, dqg Gxdq dqg Vlprqdwr +4<<<,,/ vrph lvvxhv uhpdlq wr
eh vhwwohg rqfh zh lqfrusrudwh revhuydeoh idfwruv lqwr wkh vwdwh vsdfh yhfwru/ dv lv grqh lq
wklv sdshu1 Wkhvh lvvxhv fdq eh ghfrpsrvhg lqwr wzr fodvvhv1 Iluvw/ wkhuh lv wkh lvvxh ri wkh
lqfoxvlrq ri pdfurhfrqrplf djjuhjdwhv lq wkh vwdwh vsdfh wkdw udlvhv wzr vhsdudwh sureohpv=
+l, wkh srvvlelolw| ri lpdjlqdu| hljhqydoxhv zlwk uhvshfw wr wkh vshfwudo ghfrpsrvlwlrq ri
wkh pdwul{ N lq htxdwlrq +8,/ dqg +ll, wkh lvvxh ri fruuhfwo| xsgdwlqj wkh vwdwh yhfwru i1
Vhfrqg/ wkhuh lv wkh frqfhuq iru h!flhqf| lq wkh hvwlpdwlrq vlqfh frqglwlrqdo h{shfwdwlrqv
dqg yduldqfh0fryduldqfh pdwulfhv duh lq jhqhudo qr orqjhu dydlodeoh1 Zh wdfnoh wkhvh lvvxhv lq
wkh iroorzlqj vhfwlrqv1
61414 Phdvxuhphqw htxdwlrq
Wkh prgho lv whvwhg rq d gdwd vhw frqwdlqlqj |lhogv ri glhuhqw pdwxulwlhv/ rxwsxw jds dqg
lq dwlrq gdwd1 Lq rughu wr hvwlpdwh wkh sdudphwhuv ri wklv prgho/ lw lv qhfhvvdu| wr olqn
wkh prgho wr wkhvh yduldeohv yld wkh phdvxuhphqw htxdwlrq1 Iluvw/ zlwk uhvshfw wr wkh |lhog
fxuyh/ zh hvwlpdwh wkh sdudphwhuv vr dv wr w wkh revhuyhg |lhog fxuyh dv zhoo dv srvvleoh
jlyhq wkh revhuyhg vwdwh yhfwru1 Ohw a |+w, ghqrwh wkh yhfwru ri |lhogv revhuyhg dw wlph w iru
pdwxulwlhv ￿/ l @ i4>====>pj/ a |+w,@+ a |￿+w>￿,>===> a |6 +w>6,,
￿/z k h u hh d f ka |￿ +w>￿, lv ghqhg
dv a |￿ +w>￿, 
oq+s+w>￿,,
￿
1 Vhfrqg/ zh xvh wkh lpsolhg rqh0vwhs dkhdg suhglfwlrqv iru wkh
rxwsxw jds | dqg wkh lq dwlrq  wr w wkh pdfurhfrqrplf sduw ri wkh prgho1 Eulqjlqj wkhvh
hohphqwv wrjhwkhu/ zh uhtxluh wkdw wkh prgho*v sdudphwhu hvwlpdwhv duh rswlpl}hg ryhu wkh
mrlqw vhw ri prphqwv wr eh w1 Wkdw lv/ zh ghqh wkh phdvxuhphqw htxdwlrq dv=
7Wklv Ndopdq owhu surfhgxuh lv ohvv wlph frqvxplqj wkdq rwkhu dojrulwkpv olnh wkh Vlpxodwhg Phwkrg ri
Prphqwv +VPP, whfkqltxh1 Iru rxu Jdxvvldq prgho d olqhdu Ndopdq owhu wrjhwkhu zlwk h{dfw pd{lpxp
olnholkrrg +PO, hvwlpdwlrq lv rswlpdo zlwklq wkh fodvv ri doo olqhdu hvwlpdwruv1 Sdudphwhu hvwlpdwruv fdq eh
vkrzq wr eh h!flhqw dqg frqvlvwhqw +vhh Eroohuvohy dqg Zrrogulgjh +4<<5, iru d surri,1 Wkhuh lv/ krzhyhu/ rqh
vxewohw| wr eh phqwlrqhg1 Vrph ri wkh idfwruv duh odwhqw dqg edvhg xsrq d olqhdu suhglfwlrq1 Wkhvh suhglfwhg
vwdwh yduldeohv zloo hqwhu lq wkh frqglwlrqdo phdq dqg yduldqfh lpsxwlqj huuruv lq wkh olnholkrrg ixqfwlrq1
Wklv frpsolfdwlrq/ krzhyhu/ grhv qrw lqydolgdwh wkh dv|pswrwlf surshuwlhv phqwlrqhg deryh1 Ilqdoo|/ Gxhh
dqg Vwdqwrq +5333, dgyrfdwh wkh xvh ri wkh olqhdu Ndopdq owhu deryh wkh HPP dqg VQS dx{loldu| prgho
hvwlpdwlrq dssurdfk +vhh Jdoodqw dqg Wdxfkhq/ 4<<5,1
<3
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. 0| > +46,
zkhuh h￿ lv d +q  4, froxpq yhfwru ri }hurv zlwk d rqh rq wkh lwk urz/ 0| lv dq +p.5, { 4
















Zh fdq uhzulwh wkh phdvxuhphqw htxdwlrq pruh frqflvho| dv=
}+w,@f5 . Ki +w,.0+w,
H|+0+w,0￿ +w,, @ U>
+48,
zkhuh }+w, ghqrwhv wkh OKV ri +46,1
61415 Wudqvlwlrq htxdwlrq
Lw lv vwdqgdug lq wkh whup vwuxfwxuh olwhudwxuh wr wudqvirup wkh vwdwh vsdfh vxfk wkdw wkh
N pdwul{ lq +8, ehfrphv gldjrqdo1 Wklv surfhgxuh |lhogv zhoo0nqrzq forvhg irup vroxwlrqv
iru wkh frqglwlrqdo h{shfwdwlrqv dqg frqglwlrqdo fryduldqfh pdwul{ ri wkh wudqviruphg idfwruv
+gh Mrqj +5333,,1 Lpsolflw lq wklv dssurdfk lv wkh dvvxpswlrq wkdw wkh hljhqydoxhv ri N duh
doo uhdo1 Ghqrwlqj wkh wudqviruphg vwdwh idfwru iW +w,  Yi +w,> zkhuh Y lv wkh pdwul{ ri
hljhqyhfwruv ri N= N @ Y3￿OY> wkh vwdwh vsdfh g|qdplfv +8, fdq eh uhvwdwhg dv=
giW +w,@O+W  iW +w,,gw . YVgZ+w,> +49,
zkhuh W ghqrwhv Y1
E| wdnlqj wklv dv wkh lqlwldo vwduwlqj srlqw/ wkh whup vwuxfwxuh olwhudwxuh edvlfdoo| hvwl0
pdwhv wkh hljhqydoxhv O dqg hljhqyhfwruv Y ri wkh v|vwhp1 Wklv hhfwlyho| lpsolhv wkdw doo
hljhqydoxhv +dqg dffrpsdq|lqj hljhqyhfwruv, duh e| frqvwuxfwlrq uhdo1 Zkloh wklv pd| eh
d uhdvrqdeoh dvvxpswlrq lq wkh fdvh ri odwhqw idfwruv/ lw lv qr orqjhu rqfh pdfurhfrqrplf
djjuhjdwhv duh wr eh lqfoxghg lq wkh vwdwh vsdfh1 Wkh odwwhu yduldeohv srvvhvv vrph g|qdplf
surshuwlhv wkdw fdqqrw eh ljqruhg lq wkh hvwlpdwlrq +lpdjlqdu| hljhqydoxhv,1 Dv vxfk/ wudqv0
iruplqj wkh vwdwh vsdfh lv qr orqjhu lqqrfxrxv dqg fdq/ wkhuhiruh/ qrw eh grqh zlwkrxw srvvleoh
pdmru lpsolfdwlrqv iru wkh g|qdplfv ri wkh v|vwhp1
43Wkh frqglwlrqdo h{shfwdwlrq ri wkh ohyho dqg wkh frqglwlrqdo fryduldqfh pdwul{ ri wkh
idfwruv duh qrw hdvlo| rewdlqhg dqg uhtxluh vroylqj d pdwul{ h{srqhqwldo1 Lq Dsshqgl{ D> lw
lv vkrzq wkdw wklv fdq eh grqh e| vroylqj wkh iroorzlqj htxdwlrq=
gj+w . k,
gk
@ . j+w . k, +4:,
zkhuh k ghqrwhv wkh suhglfwlrq krul}rq +rqh txduwhu lq rxu fdvh, dqg j+w .k, dq t {4y h f w r u
ri doo srvvleoh uvw dqg vhfrqg +udz, wlph w frqglwlrqdo prphqwv wkdw fdq eh frqvwuxfwhg iurp
wkh vwdwh yhfwru i+w,1W k ht { 4 yhfwru  dqg wkh t { t pdwul{  d u hg h  q h gl qD s s h q g l {
D1 Rqh fdq uho| rq qxphulfdo surfhgxuhv wr vroyh wkh uhvxowlqj RGHv/ zklfk lq wxuq fdq eh
xvhg wr frqvwuxfw wkh frqglwlrqdo h{shfwdwlrq dqg fryduldqfh pdwul{ ri wkh vwdwh yhfwru1
Zh wkxv uhiudlq iurp wudqviruplqj wkh v|vwhp lq whupv ri hljhqydoxhv dqg hljhqyhfwruv/
lpso|lqj wkdw wkh forvhg irup vroxwlrq iru h{shfwdwlrqv dqg fryduldqfh pdwulfhv wkdw kdyh
ehhq ghulyhg xqghu wklv wudqvirupdwlrq duh qr orqjhu dydlodeoh1 Wkh deryh dujxphqw wkxv
edvlfdoo| uhvwulfwv wkh vsdfh ri vwdwh yhfwruv wr wkh rqh wkdw frqwdlqv wkh qrq0wudqviruphg
pdfur0djjuhjdwhv1 Rqfh wkh vwdwh yhfwru lv lghqwlhg/ wkh fruuhvsrqglqj wudqvlwlrq htxdwlrq
l qw k hN d o p d q o w h us u r f h g x u hi r uw k hw l p hl q w h u y d ok @ w lv dovr {hg wr=








Zkloh lq sulqflsoh wkh Ndopdq owhu frxog eh dssolhg qrz/ wklv lv lq sudfwlfh lqihdvleoh vlqfh
htxdwlrq +4;,/ frpsxwlqj wkh frqglwlrqdo h{shfwdwlrq dqg fryduldqfh pdwul{/ ghshqgv rq wkh
vwdwh yhfwru wkurxjk wkh lqlwldo ydoxh frqglwlrq iru wkh RGHv iurp +4:,1 Wklv ghshqghqfh ri
wkh lqlwldo frqglwlrqv rq wkh vwdwh yhfwru reoljhv xv wr vroyh iru hdfk wlph shulrg wkh v|vwhp ri
RGHv dqg uhqghuv hvwlpdwlrq rq uhdvrqdeoh vdpsoh vl}hv lqihdvleoh1 Lq rughu wr pdnh wkh owhu
rshudwlrqdoo| h!flhqw zh lpsrvh vwdwlrqdulw| rq wkh vwdwh vsdfh g|qdplfv zklfk doorzv xv wr
fkdudfwhul}h wkh vroxwlrq ri +4:, ryhu dq| glvfuhwh wlph lqwhuydo w dv d uvw rughu Pdunry
surfhvv rq wkh vwdwh vsdfh jhqhudwhg e| wkh yhfwru j =
j+w . w,@3￿.+w,+j+w,.3￿, +4<,
Pdnlqj {+w,@j+w,.3￿/z hj h w
{+w . w,@+w,{+w,= +53,
Wkh t { t pdwul{ +w, fdq eh uhfryhuhg e|=
+w,@[ +w . w,
￿ [ +w,+[ +w,
￿ [ +w,,3￿> +54,
44zkhuh [ +w, ghqrwhv dq t { t pdwul{ vwdfnlqj t olqhduo| lqghshqghqw vwduwlqj yhfwruv {+3,
￿
dqg [ +w . w, frqwdlqv wkh vwdfnhg yhfwruv ri frqglwlrqdo h{shfwdwlrqv dw w.w +{+w . w,
￿,
fruuhvsrqglqj wr hdfk ri wkh t lqlwldo frqglwlrq yhfwruv1 Rqh fdq hdvlo| uhfrqvwuxfw wkh
pdwulfhv +w, dqg T+w, iurp wkh +w, p d w u l { 1Q r w hw k d ww k l vp d w u l {l vq ro r q j h uw l p h
ghshqghqw exw rqo| ghshqgv rq wkh sdudphwhuv1 Wklv wkxv uhtxluhv rqo| d vlqjoh frpsxwdwlrq
ri wkh +w, pdwul{ shu ixqfwlrq hydoxdwlrq dqg/ wkhuhiruh/ vshhgv xs wkh hvwlpdwlrq surfhvv
frqvlghudeo|1
615 Wkh Ndopdq owhu dojrulwkp
61514 Suhglfwlrq htxdwlrqv
Iurp wkh wudqvlwlrq htxdwlrq deryh/ zh fdq vhh wkdw i +w . w, lv d olqhdu frpelqdwlrq ri
wzr udqgrp yduldeohv i+w, dqg y+w . w,/ erwk +pxowlyduldwh, qrupdoo| glvwulexwhg1 Khqfh/
i +w . w, lv lwvhoi +pxowlyduldwh, qrupdo zlwk phdq dqg fryduldqfh pdwul{ =
a i|n{|￿| @ f . 

a i|￿|  f

+55,
a S|n{|￿| @ a S|￿|￿ . T+w,
61515 Xsgdwlqj htxdwlrqv
Wkh qh{w vwhs lv wr lpsuryh wkh suhflvlrq ri rxu hvwlpdwru e| wdnlqj lqwr dffrxqw wkh dgglwlrqdo
lqirupdwlrq lq wkh xsgdwh vwhs1 E| dsso|lqj d vlpsoh ohppd +iru d surri vhh Kduyh| +4<;<,/
ss1 4980499,/ zh fdq vkrz wkdw wkh xsgdwhg vwdwh yhfwru +frqglwlrqdo rq wkh w.w revhuydwlrq
ri wkh gdwd, lv djdlq pxowlyduldwh qrupdoo| glvwulexwhg zlwk phdq dqg fryduldqfh pdwul{ htxdo
wr=
a i|n{|￿|n{| @ a i|n{|￿| . a S|n{|￿|K￿

Ka S|n{|￿|K￿ . U
3￿ 
}+w . w,  f5  Ka i|n{|￿|

a S|n{|￿|n{| @ a S|n{|￿|  a S|n{|￿|K￿





Qrwh wkdw wklv eulqjv xv wr wkh vhfrqg lvvxh ri fruuhfwo| xsgdwlqj wkh vwdwh yhfwru i> zklfk
fdq eh vkrzq wr eh dffrpsolvkhg e| dvvxplqj qr phdvxuhphqw huuruv lq wkh rxwsxw dqg
lq dwlrq vhulhv= l1h1= %6n￿c| @ %6n2c| @3 =
61516 Suhglfwlrq huuru ghfrpsrvlwlrq dqg PO hvwlpdwlrq
Ilqdoo|/ wkh rswlpdo owhulqj surfhgxuh lv rewdlqhg e| pd{lpl}lqj wkh orjolnholkrrg zlwk















}+w . w, f5  Ka i|n{|￿|
￿ 
Ka S|n{|￿|K￿ . U
3￿ 




zkhuh qg vwdqgv iru wkh qxpehu ri revhuydwlrqv lq wkh gdwd vhw1
7 Hvwlpdwlrq uhvxowv
714 Gdwd
Zh edvh rxu dqdo|vlv rq vsolfhg gdwd iurp PfFxoorfk dqg Nzrq +4<<6, dqg Eolvv +4<<:,
surylghg e| Gxhh +5334,1 Wklv gdwd vhw frqvlvwv ri prqwk0hqg |lhogv rq }hur0frxsrq X1V1
Wuhdvxu| erqgv zlwk pdwxulwlhv ri 6 dqg 9 prqwkv dqg 4/ 5/ 8/ dqg 43 |hduv1 Zh xvh d
txduwhuo| iuhtxhqf| lq wkh frqvwuxfwlrq ri wkh wlph vhulhv lq rughu wr lqfrusrudwh wkh rxwsxw
jds dqg lq dwlrq vhulhv1 Rxu gdwd vhw frqvlvwv/ wkhuhiruh/ ri 497 gdwd srlqwv +4<8;=T4 wr
4<<;=T7, iru hdfk ri wkh vhulhv1 D sur{| iru wkh rxwsxw jds lv rewdlqhg e| xvlqj d Krgulfn0
Suhvfrww +KS, owhu rq wkh JGS vhulhv ryhu wkh vdpsoh shulrg18 Lq dwlrq zdv frqvwuxfwhg
e| wdnlqj wkh |hduo| shufhqwdjh fkdqjh lq wkh FSL lqgh{/ wkdw lv | @o qFSL|  oqFSL|3e=
Iljxuh +4, ghslfwv wkh vhulhv iru wkh rxwsxw jds/ lq dwlrq dqg wkh whup vwuxfwxuh1
Lqvhuw Iljxuh 4
Lq Wdeoh 4 zh jlyh vrph ghvfulswlyh vwdwlvwlfv ri wkh vdpsoh vhulhv1 Wkh dyhudjh whup vwuxf0
wxuh vhulhv glvsod| dq lqfuhdvlqj |lhog fxuyh dqg wkh revhuyhg yduldqfh ri wkh whup vwuxfwxuh
whqgv wr ghfuhdvh lq wkh pdwxulw|1 Wkhuh lv vwurqj hylghqfh djdlqvw qrupdolw| lq prvw vhulhv
lq whupv ri vnhzqhvv dqg h{fhvv nxuwrvlv +erwk ghfuhdvlqj zlwk pdwxulw|, dqg lq whupv ri d
vxppdu| Mdutxh0Ehud vwdwlvwlf +s0ydoxhv duh uhsruwhg lq wkh wdeoh,1 Dovr/ vwurqj dxwrfruuh0
odwlrq lv revhuyhg lq doo vhulhv ryhu wkh vdpsoh shulrg1 Prvw lqwhuhvwlqjo|/ krzhyhu/ lv wkh
fruuhodwlrq pdwul{ vkrzlqj h{wuhph fruuhodwlrq dprqj wkh ydulrxv erqgv dqg vljqlfdqw exw
pruh prghudwh fruuhodwlrqv ehwzhhq erqgv rq wkh rqh vlgh dqg rxwsxw jds ru lq dwlrq rq wkh
rwkhu vlgh1 Wkh vwurqj fruuhodwlrq ehwzhhq erqgv +ghfuhdvlqj zlwk wkh pdwxulw| glhuhqfh,
vxjjhvwv wkh suhvhqfh ri d ihz lpsruwdqw idfwruv gulylqj wkh |lhog fxuyh1 Zkloh wkhvh idfwruv
pd| dovr eh sduw ri wkh vhw ri gulylqj surfhvvhv lq wkh rxwsxw jds dqg lq lq dwlrq/ wkh orzhu
ghjuhh ri fruuhodwlrq vxjjhvwv wkdw wkh olqnv ehwzhhq wkhvh pdfur0djjuhjdwhv dqg wkh |lhog
8Zh xvh d vwdqgdug odpegd lq wkh owhulqj surfhgxuh htxdo wr 49331
46fxuyh lv vljqlfdqwo| vpdoohu1 Wkh rxwsxw jds dqg lq dwlrq duh srvlwlyho| fruuhodwhg zlwk hdfk
rwkhu1
Wdeoh 4= Vxppdu| vwdwlvwlfv iru wkh gdwd xvhg +4<97=T504<<:=T7,
|lhog￿^ |lhog2^ |lhog￿+o |lhog2+o |lhogD+o |lhog￿f+o | Z
Phdq +(, 81<:8 91563 91783 919;< :1343 :1543 031339 715;9
Vwg1 +(, 51::< 51;44 51:;8 51:45 51935 51876 41966 51;<7
Plq +(, 31:6< 31<48 41636 41<36 51887 51<49 0719;< 317:6
Pd{ +(, 481574 481<57 481<44 49143: 4819<9 481398 61;:< 461835
Dxwr 31<;: 31<;: 31<<3 31<<5 31<<9 31<<; 31;94 31<<5
Vnhz 4147: 41475 41363 31<;8 31<44 31:85 031537 41564
+31333, +31333, +31333, +31333, +31333, +31333, +315;:, +31333,
Nxuw 7183< 71864 71476 61<:8 619<4 615:9 61563 61<::
+31333, +31333, +31336, +31344, +313:4, +317:3, +3187;, +31344,
ME 841858 8419:5 6:1<56 661354 581<58 481<:5 417<9 7:1<67




|lhog￿+o 31<;9 31<<8 41333
|lhog2+o 31<9; 31<:; 31<<5 41333
|lhogD+o 31<56 31<67 31<8: 31<;7 41333
|lhog￿f+o 31;;: 31;<9 31<56 31<93 31<<6 41333
| 314<< 314<6 3149; 31438 31353 031354 41333
 31:5; 31:5< 31:47 319;5 31973 31956 313;6 41333
Wkh erqg |lhog gdwd duh edvhg rq vsolfhg gdwd iurp PfFxoorfk dqg Nzrq +4<<6, dqg Eolvv +4<<:, surylghg
e| Gxhh +5334, dqg frqfhuq X1V1 Wuhdvxu| erqgv zlwk pdwxulwlhv ri 6 dqg 9 prqwkv dqg 4/ 5/ 8/ dqg 43
|hduv1 Rxwsxw jds ++, dqg lq dwlrq +Z, gdwd duh frqvwuxfwhg dv phqwlrqhg lq wkh wh{w1 Wkh gdwd vhulhv
fryhu wkh shulrg iurp 4<8;=T4 xqwlo 4<<;=T7/ wrwdoolqj 497 txduwhuo| wlph vhulhv revhuydwlrqv1 Phdq ghqrwhv
wkh vdpsoh dulwkphwlf dyhudjh/ h{suhvvhg dv s1d1 shufhqwdjh/ Vwg vwdqgdug ghyldwlrq/ Plq plqlpxp/ Pd{
pd{lpxp/ Dxwr wkh uvw rughu txduwhuo| dxwrfruuhodwlrq/ Vnhz dqg Nxuw vwdqg iru vnhzqhvv dqg nxuwrvlv/
uhvshfwlyho|/ zkloh xqghuqhdwk wkhvh vwdwlvwlfv duh wkh vljqlfdqfh ohyhov dw zklfk wkh qxoo ri qr vnhzqhvv
dqg wkh qxoo ri qr h{fhvv nxuwrvlv pd| eh uhmhfwhg1 ME vwdqgv iru wkh Mdutxh0Ehud qrupdolw| whvw vwdwlvwlf
zlwk wkh vljqlfdqfh ohyho dw zklfk wkh qxoo ri qrupdolw| pd| eh uhmhfwhg xqghuqhdwk lw1
715 Wkh idloxuh ri vwdqgdug Wd|oru uxohv
Wkh fruuhodwlrqv lq Wdeoh 4 vxjjhvw wkdw wkh prgholqj ri wkh mrlqw ehkdylru ri wkh |lhog fxuyh
dqg wkh rxwsxw jds dqg lq dwlrq lv uhohydqw1 Jlyhq wkh vwurqj irfxv rq Wd|oru uxohv lq wkh
fxuuhqw olwhudwxuh/ wkhvh uxohv irup d qdwxudo vwduwlqj srlqw lq prgholqj wkh lqwhuuhodwlrqv
ehwzhhq wkh |lhog fxuyh dqg wkh pdfurhfrqrp|1 Reylrxvo|/ Wd|oru uxohv duh rqo| ghvljqhg
wr w wkh vkruw0whup srolf| udwh dqg qrw +qhfhvvdulo|, wkh hqwluh whup vwuxfwxuh1 Krzhyhu/
e| frqvhtxhqfh ri wkh h{shfwdwlrq k|srwkhvlv/ li Wd|oru uxohv gr ghwhuplqh wkh g|qdplfv ri
wkh srolf| udwh/ |lhogv ri dq| pdwxulw| zloo wr d odujh h{whqw eh ghwhuplqhg e| wkh g|qdplfv
47lpsrvhg e| wkh uxoh dv zhoo19
Lqvhuw Iljxuh 5
Wr dqdo|}h wkh shuirupdqfh ri Wd|oru uxohv lq wwlqj wkh hqwluh |lhog fxuyh/ zh hvwlpdwh
wkh vkruw0whup Wd|oru uxoh rq wkh X1V1 gdwd ghvfulehg deryh dqg wkhq surmhfw wkh uxoh wr
wkh orqjhu pdwxulwlhv +d irupdo wuhdwphqw fdq eh irxqg lq Dqj dqg Sld}}hvl +5333,,1 Wkh
w ri wkh Wd|oru uxoh dfurvv pdwxulwlhv fdq eh irxqg lq Iljxuh 51 Lqvshfwlqj wklv jxuh/ lw
lv fohdu wkdw wkh Wd|oru uxoh lv qrw shuiruplqj zhoo lq ghvfulelqj wkh zkroh whup vwuxfwxuh1
Wkh uxoh wv uhodwlyho| zhoo wkh vkruw hqg ri wkh |lhog fxuyh/ vd| xs wr rqh0|hdu lqwhuhvw
udwhv1 Krzhyhu/ jrlqj eh|rqg wklv pdwxulw| rqh fohduo| revhuyhv d vljqlfdqw ghwhulrudwlrq
lq wkh w ri wkh |lhogv1 Vlplodu uhvxowv kdyh ehhq uhsruwhg e| Nr}lfnl dqg Wlqvoh| +5334,1
Wkh idloxuh ri vwdqgdug Wd|oru uxohv lq wwlqj |lhogv zlwk pdwxulwlhv eh|rqg rqh |hdu fdq eh
dwwulexwhg hlwkhu wr wlph0ydu|lqj ulvn suhpld ru wr wkh idfw wkdw vrph idfwruv/ h{huwlqj prvw
ri wkhlu lq xhqfh lq wkh orqj uxq/ kdyh ehhq h{foxghg iurp wkh uxoh1 Lq wkh qh{w vxevhfwlrq
zh hvwlpdwh wkh prgho sursrvhg lq Vhfwlrq 5/ frqwdlqlqj erwk dgglwlrqdo idfwruv lq wkh Wd|oru
uxoh +lq wkh irup ri fhqwudo whqghqflhv, dv zhoo dv wlph0ydu|lqj ulvn suhpld1 Wkh dgglwlrq ri
wkhvh wzr idfwruv suryhv wr eh fuxfldo iru wkh wwlqj ri wkh orqj0whup lqwhuhvw udwh1
716 Hvwlpdwhv dqg glvfxvvlrq
Lq wklv vxevhfwlrq/ zh wxuq wr wkh hvwlpdwlrq uhvxowv ri wkh prgho1 Wkh ixoo prgho zdv
hvwlpdwhg lq d vlqjoh vwhs surfhgxuh1 Rswlpl}dwlrq zdv shuiruphg xvlqj wkh Eur|ghq0Iohwfkhu0
Jrogidue0Vkdqqr +EIJV, dojrulwkp zlwk d frqyhujhqfh wrohudqfh iru wkh judglhqw ri wkh
hvwlpdwhg frh!flhqwv htxdo wr 3133341 Zh fkhfnhg wkh urexvwqhvv ri wkh *rswlpxp* uhsruwhg
e| fkhfnlqj frqyhujhqfh iurp dq duud| ri vwduwlqj srlqwv1: Wkh hvwlpdwlrq uhvxowv fdq eh
i r x q gl qW d e o h5 1
Wkh prgho zdv dovr hvwlpdwhg iru wkh vxeshulrgv 4<8;=T4 wr 4<:<=T5 +suh0Yrofnhu, dqg
4<;5=T4 wr 4<<;=T71 Wkh uhvxowv fdq eh irxqg lq Dsshqgl{ E1 Dowkrxjk wkh hvwlpdwhv iru
wkhvh vxeshulrgv duh vrphzkdw glhuhqw iurp wkh rqhv rewdlqhg iru wkh zkroh vdpsoh shulrg/
wkh pdlq txdolwdwlyh uhvxowv gr qrw ghshqg rq wkh vxeshulrg1
9Lq wkhru|/ ulvn suhpld zloo dovr sod| wkhlu uroh zklfk ehfrphv lqfuhdvlqjo| lpsruwdqw wkh orqjhu wkh pdwxulw|1
Krzhyhu/ lw kdv ehhq dujxhg irufhixoo| lq wkh olwhudwxuh wkdw h{shfwdwlrqv dqg qrw ulvn suhpld grplqdwh wkh
|lhog fxuyh dqg/ dv vxfk/ rqh vkrxog qrw ryhuhvwlpdwh wkh uroh ri wkhvh ulvn suhpld1
:Qrwh wkdw/ jlyhq wkh odujh dprxqw ri sdudphwhuv wr eh hvwlpdwhg/ lghqwlfdwlrq dqg fkhfnlqj ri wkh
*rswlpxp* lv d sdlqvwdnlqj rshudwlrq1 Gxulqj rxu h{shulphqwv/ zh irxqg wklv *rswlpxp* wr eh udwkhu vwdeoh1
Krzhyhu/ gxh wr wkh lqwulqvlf qrqolqhdulwlhv lq wkh rswlplvdwlrq sureohp/ wkhuh lv qr jxdudqwhh wkdw wkh ydoxhv
uhsruwhg dfwxdoo| fruuhvsrqg wr d joredo pd{lpxp1
48Wdeoh 5= Pd{lpxp olnholkrrg hvwlpdwhv +4<8;=T404<<;=T7,
| Z4 |W ZW
V+cu 31<<;7 316646 03149::
+31464;, +3147;6, +314584,
VZcu 031<564 316;<; 315787
+314447, +3148;7, +314775,










u 03136<8 3139<; 03149<4 3136<8
+3149:;, +31485;, +51946<, +314793,
bu 056195;9 0;1:9<3 04:1694;
+9515:;9, +588133<3, +;81375;,
4cu 09164:9 4517:67 4715587 57317<<6 053198<<
+41:<5:, +61::8;, +61;448, +58815993, +91478:,
j2
u 31333685 31333444 313364;5 31333336 3133338:
+3133337;, +3133334:, +31334648, +31333339, +31333345,
U￿^ 441<88;
U2^ 4319<8; <1<375
U￿+o 61:7<; 7133<7 517:46
U2+o 313897 313335 313334 313774
UD+o 315;94 31843< 313334 319573 5158<9
U￿f+o 313<96 313:96 3133:4 31485: 31:369 31333:
PO hvwlpdwhv zlwk urexvw vwdqgdug huuruv xqghuqhdwk1 Rqo| wkh orzhu gldjrqdo ri wkh
phdvxuhphqw huuru fryduldqfh pdwul{ lv jlyhq1 Wkhvh ydoxhv duh pxowlsolhg e| 43
S1W r 0
wdo orjolnholkrrg dprxqwv wr 9<<71;549 ru 75SD rq dyhudjh +h{foxglqj frqvwdqw lq wkh
orjolnholkrrg,1
4971614 G|qdplfv dqg lqwhusuhwdwlrq ri wkh idfwruv
Iluvw zh wxuq wr wkh prgholqj ri wkh pdfurhfrqrplf yduldeohv1 Iljxuh 6 suhvhqwv wkh owhuhg
wlph vhulhv iru wkh yh idfwruv lqyroyhg= wkuhh revhuydeoh rqhv +rxwsxw jds/ |> lq dwlrq/
> dqg uhdo lqwhuhvw udwh/ , dqg wzr qrq0revhuydeoh rqhv +rxwsxw jds dqg lq dwlrq fhqwudo
whqghqflhv/ |W dqg W/ uhvshfwlyho|,1 Wkh wlph vhulhv VWuxoh dovr suhvhqwhg lq wklv jxuh
lv glvfxvvhg ehorz1 Ylvxdo lqvshfwlrq vkrzv wkdw hyhq wkrxjk wkh fhqwudo whqghqflhv duh
edvlfdoo| odwhqw idfwruv/ wkh| fdswxuh udwkhu zhoo wkh orqj0uxq ehkdylru ri wkh revhuydeoh
vhulhv1 Vwdwlvwlfdo dqdo|vlv frqupv wkh dwwudfwlqj surshuwlhv ri wkh fhqwudo whqghqflhv iru wkh
wkuhh revhuydeoh idfwruv +vhh Wdeoh 5 zkhuh wkh uvw wkuhh gldjrqdo hohphqwv ri wkh pdwul{ N
duh vljqlfdqwo| glhuhqw iurp }hur,1 Prvw ri wkh hvwlpdwhg lqwhudfwlrq whupv +r0gldjrqdo
hohphqwv lq N, duh vwdwlvwlfdoo| vljqlfdqw dw d 43( ohyho1 Wkh hvwlpdwlrq uhvxowv lqglfdwh
wkdw rxwsxw uhvsrqgv qhjdwlyho| wr d whpsrudu| h{fhvv lq dwlrq +l1h1 lq dwlrq lq h{fhvv ri wkh
vwhdg| vwdwh htxloleulxp lq dwlrq udwh/ W?3, zkloh lw uhvsrqgv srvlwlyho| wr d whpsrudu|
h{fhvv uhdo lqwhuhvw udwh +dowkrxjk wklv uhvxow lv qrw vwdwlvwlfdoo| vljqlfdqw,1 Lq dwlrq uhvsrqvhv
d u hp r u hl qo l q hz l w kh f r q r p l fl q w x l w l r q 1 I l u v w /dw h p s r u d u |g h p d q gv k r f n+ l 1 h 1 r x w s x wl q
h{fhvv ri wkh htxloleulxp fdsdflw|/ |W|?3, whqgv wr lqgxfh dgglwlrqdo lq dwlrqdu| suhvvxuh
zkloh dq h{fhvvlyho| kljk uhdo lqwhuhvw udwh whqgv wr uhgxfh wkh lq dwlrqdu| suhvvxuh1 Ilqdoo|/
wkh uhdo lqwhuhvw udwh whqgv wr uhdfw sulpdulo| wr lq dwlrq1 Pruh vshflfdoo|/ h{shfwdwlrqv ri
lqfuhdvlqj lq dwlrq +l1h1 W  A3, whqg wr uhvxow lq txlwh vxevwdqwldo lqfuhdvhv lq wkh uhdo
lqwhuhvw udwh1
Lqvhuw Iljxuh 6
Wkh uhvxowlqj w ri wkh wkuhh pdfurhfrqrplf vhulhv lv suhvhqwhg lq Iljxuh 71 Wkh *gdwd*
iru wkh uhdo lqwhuhvw udwh zdv frpsxwhg edvhg rq wkh wkuhh0prqwk |lhog dqg lv/ wkhuhiruh/ dq
dssur{lpdwlrq ri wkh lqvwdqwdqhrxv uhdo lqwhuhvw udwh1 Zh frqvlghu wkh w ri wkhvh vhulhv dv
vdwlvidfwru|1
Lqvhuw Iljxuh 7
Wdeoh 6 suhvhqwv vrph gldjqrvwlf vwdwlvwlfv1 Zh qg wkdw wkh vwdwh vsdfh g|qdplfv duh vwdeoh/
l1h1 uhdo sduwv ri wkh hljhqydoxhv ri wkh pdwul{ N duh srvlwlyh1 Pruhryhu/ qrwh wkdw N
kdv lpdjlqdu| hljhqydoxhv/ lqglfdwlqj dq rvfloodwlqj lpsxovh uhvsrqvh iru wkh rxwsxw jds dqg
lq dwlrq1 Wkhvh vhulhv suhvhqw d kdoylqj wlph ri 4158 |hduv/ srvvleo| olqnhg wr wkh exvlqhvv
f|foh iuhtxhqf|1 Wkh lqvwdqwdqhrxv uhdo lqwhuhvw udwh suhvhqwv d pxfk orzhu kdoylqj wlph
ri derxw 5 prqwkv1 Wkh fhqwudo whqghqf| ri rxwsxw jds kdv d kdoylqj wlph ri 419 |hduv lq
frqwudvw wr wkh fhqwudo whqghqf| ri lq dwlrq zklfk suhvhqwv d kdoylqj wlph ri derxw ;7 |hduv/
lqglfdwlqj wkdw wklv w|sh ri vkrfn lv yhu| lqhuw1
4:Wdeoh 6= Gldjqrvwlf vwdwlvwlfv ri wkh hvwlpdwhg prgho
Hljhqydoxh Kdoi wlph +|u, Phdq +(, us +(,
uhdo lpdj1 gdwd hps1 hps1
| 31888 31844 4158 03139 03135 31;6
 31888 031844 4158 715; 7169 3143
 61;66 314; 419< 41:;
|W 31763 4194 3134
W 3133; ;715; 715;
|lhog￿^ 81<: 9146 41;5
|lhog2^ 9156 916< 41<5
|lhog￿+o 9178 9194 5138
|lhog2+o 919< 91;8 514;
|lhogD+o :133 :149 514;
|lhog￿f+o :154 :168 5147
Hljhqydoxhv ghqrwh wkh hljhqydoxhv ri wkh k pdwul{/ kdoi wlph lv frpsxwhg edvhg
rq wkh uhdo sduw ri hdfk hljhqydoxh/ hps ghqrwhv wkh uhvxow zkhuh wkh owhuhg
idfwru phdqv duh xvhg/ us vwdqgv iru ulvn suhplxp rq dq dqqxdo edvlv1
Wdeoh 6 dovr suhvhqwv vrph dgglwlrqdo vwdwlvwlfv frqfhuqlqj wkh |lhog fxuyh w1 Wkh dyhudjh
|lhog fxuyh edvhg rq wkh wwhg idfwruv suhvhqwv d jrrg w wr wkh hpslulfdo dyhudjh |lhog fxuyh1
Wkh lpsolhg ulvn suhpld wdnh vrphzkdw kljkhu ydoxhv wkdq uhfrughg lq wkh odwhqw idfwru
olwhudwxuh1 Zh qg ulvn suhpld ri derxw wzr shufhqw/ lqfuhdvlqj lq wkh pdwxulw| dqg zlwk d
voljkw ghfuhdvh dw wkh orqj hqg ri wkh whup vwuxfwxuh1
Edvhg rq wkh deryh uhvxowv zh fdq glvfxvv wkh uroh dqg lqwhusuhwdwlrq ri wkh odwhqw idfwruv
lq wkh prgho1 Dv phqwlrqhg ehiruh/ jlyhq wkh vljqlfdqw srvlwlyh frh!flhqwv ++> ZZ dqg
44> odwhqw idfwruv vhuyh dv dq dwwudfwru wr wkh revhuydeoh pdfurhfrqrplf vhulhv +l1h1 rxwsxw
j d sd q gl q  d w l r q , 1D vv x f k /w k ho d w h q wi d f w r u vf d qe hv h h qd vv r p hn l q gr io r q j 0 u x qi r u h f d v w
iru wkh revhuydeoh vhulhv1 Wkh hljhqydoxhv suhvhqwhg lq Wdeoh 6 iru |>  dqg  pd| eh xvhg
wr rewdlq d pruh suhflvh lghd derxw wkh orqj0uxq iruhfdvwv1 Wkhvh hljhqydoxhv lqglfdwh wkh
vshhg ri frqyhujhqfh ri wkh revhuydeoh pdfurhfrqrplf yduldeohv wr wkhlu fhqwudo whqghqflhv1
Edvhg rq wkhvh qxpehuv zh qg wkdw iru wkh rxwsxw jds dqg lq dwlrq zh kdyh diwhu yh |hduv
dssur{lpdwho| <6( dqg diwhu whq |hduv pruh wkdq <<( ri wkh ghyldwlrq iurp wkhlu uhvshfwlyh
fhqwudo whqghqflhv kdyh ehhq xqgrqh1 Dv vxfk/ zh fdq vdiho| uhjdug wkh fhqwudo whqghqflhv ri
wkh rxwsxw jds dqg lq dwlrq dv orqj0uxq iruhfdvwv/ zkhuh orqj uxq qrz fdq eh lqwhusuhwhg dv
d iruhfdvw krul}rq ri ehwzhhq yh dqg whq |hduv1; Wkh uhdo lqwhuhvw udwh kdv d pxfk kljkhu
;Qrwh wkdw wkh lqfoxvlrq ri wkh odwhqw idfwruv wkxv doorzv xv wr lqfrusrudwh vrph phdvxuh ri orqj0uxq rxwsxw
jds dqg lq dwlrq iruhfdvwv lqwr wkh dqdo|vlv1 Dv dujxhg e| Nr}lfnl dqg Wlqvoh| +5334,/ lqfoxglqlj wlph0ydu|lqj
orqj0uxq iruhfdvwv +hqgsrlqwv, lv fuxfldo wr wwlqj wkh orqjhu hqg ri wkh |lhog fxuyh1 Lqwhuhvwlqjo|/ dowkrxjk zh
xvhg d pdunhgo| glhuhqw phwkrgrorj|/ zh rewdlq uhpdundeo| vlplodu orqj0uxq lq dwlrq iruhfdvwv wr wkh rqhv ri
Nr}lfnl dqg Wlqvoh| +5334,/ frpsduh rxu Iljxuh 6 zlwk wkhlu Iljxuh 9/ sdqho c s1 9761 Dovr/ zh qg wkdw wkh
Krh| vxuyh| orqj0uxq lq dwlrq h{shfwdwlrqv +froohfwhg iurp pdunhw sduwlflsdqwv, duh uhpdundeo| forvh wr rxu
hvwlpdwhg orqj0uxq lq dwlrq h{shfwdwlrq zklfk fruurerudwhv hyhq pruh rxu lqwhusuhwdwlrq ri fhqwudo whqghqflhv
4;frqyhujhqfh vshhg1 Durxqg <8( ri wkh ghyldwlrq iurp lwv fhqwudo whqghqf| lv xqgrqh diwhu
derxw qlqh prqwkv dqg pruh wkdq <<( diwhu rqh |hdu dqg d kdoi1
Lq rughu wr fruurerudwh wkh lqwhusuhwdwlrq ri wkh odwhqw idfwruv dv orqj0uxq iruhfdvwv/ zh
frpsduh rxu uhvxowv zlwk wkh lq dwlrq iruhfdvwv iurp wkh Vxuyh| ri Surihvvlrqdo Iruhfdvwhuv
surylghg e| wkh Ihghudo Uhvhuyh Edqn ri Sklodghoskld1 Iljxuh 8 vkrzv wkh rqh0|hdu dkhdg
lq dwlrq iruhfdvw iurp wklv vxuyh| frpsduhg zlwk wkh rqhv frpsxwhg iurp rxu prgho1 Iljxuh 9
suhvhqwv wkh frpsdulvrq ri wkh iruhfdvwv iru wkh dyhudjh udwh ri lq dwlrq iru wkh qh{w 43 |hduv1
Rxu hvwlpdwhv vhhp wr wudfn vljqlfdqwo| zhoo wkh sdwwhuqv suhvhqwhg lq wkh vxuyh| iruhfdvwv1
Wkh fruuhodwlrq ehwzhhq rxu prgho iruhfdvw dqg wkh vxuyh| iruhfdvw lv htxdo wr 31<7 dqg 31<5
iru wkh rqh0|hdu dqg whq0|hdu iruhfdvw/ uhvshfwlyho|1 Pruh ghwdlov uhjduglqj wkh frpsxwdwlrq
ri wkh lq dwlrq iruhfdvwv edvhg rq rxu prgho dqg wkh uhvxowv iurp dq ruglqdu| ohdvw vtxduhv
+ROV, uhjuhvvlrq ri wkh vxuyh| iruhfdvw rq rxu iruhfdvwv fdq eh irxqg lq Dsshqgl{ F1
Lqvhuw Iljxuhv 8 dqg 9
71615 Lqwhusuhwdwlrq ri vwdqgdug ohyho dqg vorsh hhfwv
Qh{w/ zh wxuq wr wkh lqwhusuhwdwlrq ri wkh idfwruv lq whupv ri wkhlu uhodwlrq wr wkh idfwruv
owhuhg iurp d frpsohwho| odwhqw vhwwlqj1 Zh iroorz Dqj dqg Sld}}hvl +5333,l qw u | l q jw r
lqwhusuhw wkh idfwruv ri d ixoo| odwhqw wkuhh0idfwru Ydvlfhn prgho +YP, lq whupv ri wkh idfwruv
rewdlqhg lq rxu prgho1 Wkh wkuhh idfwruv lq wkh YP fdq eh odehohg dv rqh ohyho hhfw dqg wzr
vorsh hhfwv1 Zh glg qrw qg d fxuydwxuh idfwru lq wklv vhwwlqj1 Zh surmhfw wkh wkuhh Ydvlfhn
idfwruv rq rxu yh idfwruv1 Uhjuhvvlrq uhvxowv fdq eh irxqg lq Wdeoh 71 Hdfk ri wkh YP odwhqw
idfwruv fdq eh uhdvrqdeo| h{sodlqhg lq whupv ri wkh idfwruv ri rxu prgho/ dv lqglfdwhg e| wkh
kljk U2 vwdwlvwlfv1
Iru wkh wzr YP vorsh idfwruv/ wkhuh lv qr fohdu lqwhusuhwdwlrq lq whupv ri d olplwhg qxpehu
ri rxu idfwruv1 Doo yh idfwruv hqwhu vljqlfdqwo| lq wkh vorsh uhjuhvvlrqv lqglfdwlqj wkdw wkh
YP vorsh idfwruv duh lq idfw d olqhdu frpelqdwlrq ri rxu idfwruv1 Vxusulvlqjo|/ zh gr qg d
uhodwlyho| vwudljkwiruzdug lqwhusuhwdwlrq ri wkh YP ohyho idfwru1 Lq Iljxuh :/ zh suhvhqw wkh
frqwulexwlrq ri wkh fhqwudo whqghqf| ri lq dwlrq +W, dqg wkh YP ohyho idfwru vxewudfwlqj
wkh hvwlpdwhg frqvwdqw wr wklv idfwru1 Dv fdq eh vhhq/ wkh fruuhvsrqghqfh ehwzhhq wkh YP
ohyho idfwru dqg rxu fhqwudo whqghqf| ri lq dwlrq lv h{wuhpho| kljk1 Dowkrxjk prvw ri wkh
rwkhu idfwruv duh vwdwlvwlfdoo| vljqlfdqw wkh| dgg pdujlqdoo| wr wkh h{sodqdwlrq ri wkh ohyho
idfwru1 Vr/ lq frqwudglfwlrq wr rwkhu sdshuv/ zh gr h{sodlq wkh ohyho hhfw lq whupv ri dq d!qh
wudqvirupdwlrq ri d vhqvleoh pdfurhfrqrplf yduldeoh= wkh fhqwudo whqghqf| ri lq dwlrq1
Lqvhuw Iljxuh :
dv orqj0uxq pdunhw iruhfdvwv1
4<Wdeoh 7= Lqwhusuhwdwlrq ri odwhqw Ydvlfhn idfwruv= ROV0edvhg ghfrpsrvlwlrq lqwr
idfwruv
Ohyho idfwru Vorsh idfwru 4 Vorsh idfwru 5
fwh 0314;4 +31334, 31335 +31334, 31339 +31335,
| 0313<7 +31357, 31588 +31379, 3144: +31387,
 3159: +31369, 31;59 +3139;, 031856 +313;4,
 3154: +31369, 31893 +3139<, 0315;4 +313;4,
|W 51<;< +31639, 0614:; +318;3, 0431;43 +319;9,




Wkh wkuhh odwhqw idfwruv duh uhjuhvvhg xsrq wkh owhuhg idfwruv ri wkh
prgho suhvhqwhg deryh1 Vwdqgdug huuruv ehwzhhq eudfnhwv1
71616 Wkh uhdo lqwhuhvw udwh uxoh
Dqrwkhu revhuydwlrq wr eh pdgh iurp Wdeoh 5 lv wkdw wkh vwdqgdug Wd|oru uxoh lq whupv ri
revhuydeoh yduldeohv grhv qrw krog iru wkh uhdo lqwhuhvw udwh surfhvv1 Lq idfw/ doo wkh frh!flhqwv
lq wkh orqj0uxq uhdo lqwhuhvw udwh uxoh duh qrw vwdwlvwlfdoo| vljqlfdqw1 Lq rughu wr jdlq vrph































fhqwudo edqn vkruw0whup wdujhw
=
Zlwklq wklv iudphzrun/ zh fdq lqwhusuhw W
r dv wkh wlph0yduldeoh vkruw0whup wdujhw ohyho iru
wkh uhdo lqwhuhvw udwh ri wkh fhqwudo edqnhu1 Edvhg rq wkh hvwlpdwhv uhsruwhg lq Wdeoh 5/ zh
kdyh wkdw uxoh lv htxdo wr +vhh dovr Iljxuh 6,=
W
r @3 =33338  3=36:|+w,  3=;9<+w,  3=4:4|W +w,.3 =<:<W+w,
Wkh deryh uxoh vkrzv wkh lpsruwdqfh ri erwk wkh revhuyhg ohyho ri lq dwlrq dqg ri wkh ghyld0
wlrq iurp lwv fhqwudo whqghqf|1 Wklv uxoh fdq dovr eh lqwhusuhwhg lq whupv ri wkh uhvsrqvlyhqhvv
wr ghyldwlrqv ri dfwxdo rxwsxw jds dqg lq dwlrq iurp lwv fhqwudo whqghqflhv dqg wr wkh fhqwudo
whqghqflhv wkhpvhoyhv1 Dv vxfk/ wkh lpsolhg wdujhw ehfrphv=
W
r @3 =33338 . 3=36:+|W+w,  |+w,, . 3=;9<+W +w,  +w,,  3=53<|W+w,.3 =43<W +w,
Wkh uhdo lqwhuhvw udwh wdujhw lqfuhdvhv dv wkh fhqwudo whqghqf| ri lq dwlrq jrhv xs1 Vrphzkdw
ohvv frqyhqwlrqdo lv wkh qglqj wkdw wkh lq dwlrq ghyldwlrq +W  , dovr hqwhuv zlwk d srvlwlyh
vljq1 Dv vxfk/ kljkhu +revhuyhg, lq dwlrq zloo fhwhulv sdulexv ghfuhdvh wkh ohyho ri wkh uhdo
53lqwhuhvw udwh1 Dowkrxjk dw uvw vljkw wklv vljq vhhpv wr eh gl!fxow wr uhfrqfloh zlwk lqwxlwlrq/
lw pd| eh dujxhg wkdw lw uhsuhvhqwv d whup vljqdolqj wkh h{shfwhg fkdqjh lq lq dwlrq1 Li wkh
fhqwudo whqghqf| h{fhhgv wkh fxuuhqw lq dwlrq udwh/ fhwhulv sdulexv/ lq dwlrq zloo eh h{shfwhg wr
lqfuhdvh wuljjhulqj d vwurqj xszdug lqfuhdvh ri wkh uhdo lqwhuhvw udwh/ zkloh li revhuyhg lq dwlrq
h{fhhgv lwv fhqwudo whqghqf|/ fhwhulv sdulexv/ lq dwlrq lv h{shfwhg wr ghfuhdvh +hyhqwxdoo|,
ohdglqj wkh fhqwudo edqnhu wr orrvhq wkh frqwudfwlrqdu| srolf| vwdqfh1 Wkh uhdo lqwhuhvw udwh
wdujhw vhhpv pxfk ohvv uhvsrqvlyh wr wkh rxwsxw yduldeohv1 Lq wklv fdvh/ zh qg wkdw d srvlwlyh
ghyldwlrq/ d vkruwidoo ri dfwxdo rxwsxw wr lwv fhqwudo whqghqf|/ zrxog whqg wr eh dvvrfldwhg
zlwk dq lqfuhdvh lq wkh uhdo lqwhuhvw udwh wdujhw1 Wklv uhvxow frxog eh h{sodlqhg dv d surf|folfdo
uhvsrqvh ri wkh fhqwudo edqn wr h{shfwhg lqfuhdvhv lq hfrqrplf dfwlylw|1 Zh vkrxog/ krzhyhu/
srlqw rxw wkdw erwk + dqg 4+ duh qrw vwdwlvwlfdoo| vljqlfdqw1
Ilqdoo|/ wkhuh lv wkh wklug ihdwxuh ri wkh uhdo lqwhuhvw udwh uxoh/ zklfk lv uhodwhg wr wkh
lqwhuhvw udwh vprrwklqj/ l1h1 wr wkh phdq uhyhuvlrq surshuwlhv ri wkh uhdo lqwhuhvw udwh wr lwv
wdujhw1 Zh qg/ vxusulvlqjo|/ d yhu| vwurqj phdq uhyhuvlrq iru wkh uhdo lqwhuhvw udwh/ l1h1 d kljk
ydoxh iru 44= Wkh kdoylqj wlph ri wkh ghyldwlrq lv ohvv wkdq wkuhh prqwkv1< Wkh h{wuhpho|
orz kdoylqj wlph vxjjhvwv wkdw wklv srolf| uhdfwlrq idfwru h{huwv pruh lq xhqfh rq wkh vkruw
hqg ri wkh whup vwuxfwxuh wkdq rq wkh orqj hqg1 Lq rwkhu zrugv/ wkh srolf| uhdfwlrq idfwru
uhsuhvhqwv d vorsh idfwru dqg qrw d ohyho idfwru iru wkh whup vwuxfwxuh1 Wklv lv lq olqh zlwk wkh
frqmhfwxuh ri Nqh} hw do1 +4<<7,/ Hydqv dqg Pduvkdoo +4<<;,d q gZ x+ 5333, wkdw wklv srolf|
uhdfwlrq idfwru lv lqwlpdwho| uhodwhg wr wkh vorsh ri wkh |lhog fxuyh1
71617 Whup vwuxfwxuh
Ilqdoo|/ zh fdq dqdo|}h wkh shuirupdqfh ri wkh prgho lq wwlqj wkh whup vwuxfwxuh ri lqwhuhvw
udwhv +Iljxuh ;,1 Wkh |lhog fxuyh lv d!qh lq wkh vwdwh vsdfh yhfwru1 Wkh ordglqjv iru wkh
ydulrxv pdwxulwlhv zlwk uhvshfw wr wkh idfwruv duh ghslfwhg lq Iljxuhv < wr 441 Lq frqwudvw
zlwk wkh pxowl0idfwru odwhqw idfwruv olwhudwxuh/ zh gr qrw qg hylghqfh lq idyru ri wkh vwdqgdug
ohyho hhfw1 Lqvwhdg zh qg d fohdu glylvlrq ehwzhhq revhuydeoh dqg qrq0revhuydeoh +odwhqw,
idfwruv1 Zkloh revhuydeoh idfwruv doprvw h{foxvlyho| h{huw wkhlu hhfwv rq wkh vkruw hqg ri wkh
|lhog fxuyh +Iljxuh 43,/ odwhqw idfwruv dhfw wkh zkroh whup vwuxfwxuh vljqlfdqwo| +h{fhsw/
e| frqvwuxfwlrq/ iru wkh yhu| vkruw uxq/ vhh Iljxuh 44,1 Dffruglqj wr wkh idfwru ordglqj
hvwlpdwhv/ |lhogv zlwk pdwxulwlhv ryhu vl{ prqwkv vhhp wr eh pdlqo| uhvsrqvlyh wr fkdqjhv
lq wkh fhqwudo whqghqflhv ri lq dwlrq dqg rxwsxw +qrwh wkdw revhuydeoh lq dwlrq dqg rxwsxw
wkhpvhoyhv rqo| sod| d pdujlqdo uroh khuh,1 Vlqfh wkhvh fhqwudo whqghqflhv fruuhvsrqg wr wkh
orqj0uxq h{shfwdwlrqv +e| frqvwuxfwlrq,/ zh fdq frqfoxgh iurp wklv wkdw wkh orqjhu hqg ri
wkh |lhog fxuyh lv pdlqo| vhqvlwlyh wr orqj0uxq lq dwlrq dqg rxwsxw iruhfdvwv1 Lq dwlrq dqg
<D ylvxdo uhsuhvhqwdwlrq ri wkh frqyhujhqfh vshhg lv irxqg lq wkh qh{w vhfwlrq zkhuh wkh lpsxovh uhvsrqvh
ixqfwlrqv duh ghslfwhg dqg glvfxvvhg1
54rxwsxw iruhfdvwv/ krzhyhu/ kdyh glhuhqw hhfwv rq wkh |lhog fxuyh1 Lq dwlrq iruhfdvw kdyh
doprvw lghqwlfdo hhfwv dfurvv wkh |lhog fxuyh/ l1h1 wkh| frqvwlwxwh pruh ri d ohyho idfwru/ zkloh
rxwsxw iruhfdvwv h{klelw d vwurqj kxps0vkdshg hhfw/ dhfwlqj prvw vwurqjo| wkh lqwhuphgldwh
pdwxulwlhv +iurp 9 prqwkv wr derxw 5 wr 6 |hduv,1 Iru vkruw0whup pdwxulwlhv/ dqg e| ghqlwlrq/
revhuydeoh lq dwlrq dqg wkh uhdo lqwhuhvw udwh odwhqw idfwru wdnh ryhu1 Wkh vhqvlwlylwlhv ri wkhvh
yduldeohv ghfd| txlwh idvw zlwk wkh wlph wr pdwxulw| ri wkh erqg vxfk wkdw wkhvh idfwruv fdq
fohduo| eh olqnhg wr wkh vorsh +vsuhdg, ri wkh |lhog fxuyh1 Zkloh wkh hvwlpdwhg sdudphwhuv
wxuq rxw wr eh glhuhqw ryhu glhuhqw vxevdpsohv +l1h1 zlwk d euhdn srlqw gxulqj wkh Yronhu
shulrg,/ wkh txdolwdwlyh ihdwxuhv ri wkh idfwruv uhpdlq wkh vdph/ dv fdq eh lqihuuhg iurp wkh
jxuhv suhvhqwhg lq Dsshqgl{ E,1
Lqvhuw Iljxuhv </ 43 dqg 44
Zkloh revhuydeoh pdfurhfrqrplf yduldeohv gr qrw frqvwlwxwh wkh pdmru vrxufh lq wkh
g|qdplfv ri wkh |lhog fxuyh lwvhoi/ dv fdq eh lqihuuhg iurp wkh idfwru ordglqjv/ wkh| vwloo frxqw
dv dq lpsruwdqw vrxufh ri yduldwlrq lq wkh ulvn suhpld1 Dv fdq eh fkhfnhg iurp Iljxuh 45/
ulvn suhpld iru doo pdwxulwlhv duh yrodwloh1 Doprvw doo wlph0ydu|lqj ulvn suhpld sdudphwhuv
+, duh lqglylgxdoo| vwdwlvwlfdoo| vljqlfdqw1 Dv vxfk/ wlph yduldelolw| ri ulvn suhpld dggv
vwdwlvwlfdoo| lq prgholqj wkh whup vwuxfwxuh1 Ghfrpsrvlqj wkh ulvn suhpld lqwr lwv glhuhqw
frpsrqhqwv/ l1h1 wkh ulvn suhpld uhodwhg wr wkh rxwsxw jds/ lq dwlrq/ hwf1/ vkrzv wkdw rqo|
wkh fhqwudo whqghqf| ri rxwsxw jds sod|v d plqru uroh dv d vrxufh ri yduldwlrq lq wkh ulvn
suhpld1 Qrwh wkdw zkloh hdfk vlqjoh frpsrqhqw lv lq lwvhoi odujh/ wkh| riwhq frxqwhuedodqfh
hdfk rwkhu/ uhvxowlqj lq txlwh uhdvrqdeoh joredo +djjuhjdwh, ulvn suhpld1
Lqvhuw Iljxuh 45
717 Yduldqfh ghfrpsrvlwlrq dqg lpsxovh uhvsrqvh dqdo|vlv
E| frqvwuxfwlrq/ wkh Zlhqhu vkrfnv gZ￿ +w,>l@4 >===>q uhsuhvhqw vwuxfwxudo vkrfnv uhodwhg
wr hdfk rqh ri wkh yduldeohv +idfwruv, lq wkh prgho1 Wkhuhiruh/ zh fdq shuirup d phdqlqjixo
yduldqfh ghfrpsrvlwlrq dqg lpsxovh uhvsrqvh dqdo|vlv rq wkhvh vkrfnv1 Wkh yduldqfh ghfrp0
srvlwlrq vhuyhv wkh sxusrvh ri qglqj rxw zkdw w|sh ri vkrfn lv prvw lpsruwdqw lq prylqj wkh
|lhog fxuyh/ zkloh wkh lpsxovh uhvsrqvh dqdo|vlv jlyhv d ghwdlohg dffrxqw ri wkh furvv0vhfwlrqdo
dqg wlph vhulhv lpsolfdwlrqv ri hdfk w|sh ri vkrfn1
D jhqhudo yduldqfh ghfrpsrvlwlrq ri |lhog fxuyh fkdqjhv ryhu d krul}rq k fdq eh shuiruphg
e| ghfrpsrvlqj wkh yduldqfh0fryduldqfh pdwul{ lqwr wkh uhvsrqvhv wr hdfk ri wkh glhuhqw
vkrfnv1 Ghqlqj d |lhog fxuyh vkrfn e| ￿a |+w, a |+w . k,a |+w,> lw lv hdvlo| vkrzq wkdw wkh
yduldqfh0fryduldqfh pdwul{ ri wkhvh vkrfnv wdnhv wkh irup=
55H|
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Wkh yrodwlolw| ryhu d jlyhq glvfuhwh wlph zlqgrz ri ohqjwk k ri d vshflf |lhog fxuyh pdwxulw|
fdq eh ghfrpsrvhg lqwr wkh frqwulexwlrqv ri hdfk ri wkh ruwkrjrqdo vkrfnv1 Pruh vshflfdoo|/
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Wdeoh 8 suhvhqwv wkh vwhdg| vwdwh yduldqfh ghfrpsrvlwlrq iru glhuhqw krul}rqv ri wkh |lhog
fxuyh lq whupv ri wkh yh srvvleoh vwuxfwxudo vkrfnv1 Wkh hvwlpdwhv vxjjhvw wkdw wkh yduldelolw|
dfurvv wkh |lhog fxuyh lv edvlfdoo| h{sodlqhg e| wkuhh w|shv ri vkrfnv= vkrfnv wr wkh uhdo lqwhuhvw
udwh dqg wr wkh fhqwudo whqghqflhv ri rxwsxw jds dqg lq dwlrq1 Dfwxdo rxwsxw jds dqg revhuyhg
lq dwlrq vhulhv h{sodlq dw prvw 9( ri wkh yduldelolw| ri |lhog fxuyh pryhphqwv1 Dovr/ zh qg
d vwurqj glvwlqfwlrq ehwzhhq wkh w|shv ri vkrfnv dhfwlqj wkh vkruw hqg dqg wkh orqjhu hqg
ri wkh |lhog fxuyh1 Wkh vkruwhu hqg +vd| pdwxulwlhv xs wr wzr |hduv, lv grplqdwhg e| erwk
wkh fhqwudo whqghqf| ri rxwsxw dqg uhdo lqwhuhvw udwh vkrfnv/ zlwk d vwurqj hpskdvlv rq wkh
iruphu w|sh ri vkrfn1 Wkh yduldelolw| lq wkh orqjhu hqg ri wkh |lhog fxuyh/ lq frqwudvw/ lv
pdlqo| ghwhuplqhg e| wkh orqj0uxq lq dwlrq whqghqf|1
Lpsxovh uhvsrqvh dqdo|vlv surylghv d frpsohphqwdu| wrro wr jdxjh wkh lpsruwdqfh ri wkh
ydulrxv w|shv ri vkrfnv iru wkh pdfurhfrqrp| dqg wkh |lhog fxuyh1 Wklv wrro dqdo|vhv wkh
suhglfwdeoh uhvsrqvhv wr wkh ydulrxv vkrfnv1 Zh iroorz wkh vwdqgdug olwhudwxuh e| dqdo|}lqj
wkh hhfwv ri d rqh vwdqgdug ghyldwlrq vkrfn lq hdfk ri wkhvh vrxufhv ri xqfhuwdlqw|1 Doo
jxuhv duh suhvhqwhg dv ghyldwlrqv iurp wkh edvh olqh fdvh1
Iljxuhv 46 wr 4: suhvhqw wkh vwdqgdug lpsxovh uhvsrqvh ixqfwlrqv +LUIv, iru rxwsxw jds/
lq dwlrq/ wkh uhdo lqwhuhvw udwh dqg wkh fhqwudo whqghqflhv ri rxwsxw jds dqg lq dwlrq1 D
srvlwlyh rxwsxw jds vkrfn +Iljxuh 46, jhqhudwhv d f|folfdo uhvsrqvh wr prvw ri wkh yduldeohv
lqyroyhg zlwk dqg lqlwldo lqfuhdvh lq lq dwlrq1 Wkh |lhog fxuyh uhvsrqvh wr wklv w|sh ri vkrfn
lv uhsuhvhqwhg e| dq lqlwldo xszdug wlowlqj ri wkh vkruw hqg ri wkh fxuyh +vhh dovr Iljxuh 4;,1
D whpsrudu| lq dwlrq vkrfn +Iljxuh 47, jhqhudwhv d qhjdwlyh exw pdujlqdo rxwsxw hhfw1
Djdlq/ ehfdxvh ri wkh whpsrudu| qdwxuh ri wkh vkrfn/ wkh |lhog fxuyh uhvsrqvh lv olplwhg wr
dq xszdug wlowlqj ri wkh vkruwhu hqg ri wkh fxuyh1 D srvlwlyh uhdo lqwhuhvw udwh vkrfn +Iljxuh
48, jhqhudwhv pdujlqdo hhfwv rq erwk wkh rxwsxw jds dqg rq lq dwlrq1 D vkrfn lq wkh
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huhqw krul}rqv lq wkh vwhdg|
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fhqwudo whqghqf| ri rxwsxw +Iljxuh 49, wuljjhuv d srvlwlyh rxwsxw jds dqg d qhjdwlyh lq dwlrq
uhvsrqvh dffrpsdqlhg e| d vljqlfdqw grzqzdug wlowlqj ri wkh |lhog fxuyh1 Ilqdoo|/ d vkrfn
wr wkh orqj0uxq whqghqf| ri lq dwlrq +Iljxuh 4:, jhqhudwhv d srvlwlyh rxwsxw dqg lq dwlrq
uhvsrqvhv dqg jhqhudwhv d ohyho vkliw ri wkh hqwluh |lhog fxuyh/ lq frqwudvw wr wkh rwkhu vkrfnv1
Lq wklv fdvh/ wkh kljk hhfw ri wkh vkrfn lv gxh wr lwv kljk ghjuhh ri lqhuwld1
Lqvhuw Iljxuhv 46 wr 4:
Zh irfxv qrz rq wkh hhfwv ri wkh glhuhqw vkrfnv rq wkh hyroxwlrq ri wkh whup vwuxfwxuh
ri lqwhuhvw udwhv +Iljxuh 4;,1 Lw lv hdvlo| vhhq wkdw wkh whup vwuxfwxuh yduldelolw| lv sulpdulo|
ghwhuplqhg e| wkh fhqwudo whqghqflhv ri rxwsxw jds dqg lq dwlrq vkrfnv1 Krzhyhu/ erwk wkh
g | q d p l fh  h f w vd vz h o od vw k hh  h f wd f u r v vp d w x u l w l h vd u hg l  h u h q we h w z h h qw k h v hv k r f n v 1
Iru wkh vkrfnv wr wkh fhqwudo whqghqf| ri rxwsxw/ l1h1 vkrfnv wr wkh rxwsxw fdsdflw|/ zh
qg d judgxdo ghfuhdvh ri wkh lpsdfw ri wkh vkrfn wkurxjk wlph1 Vlpxodwlrq vxjjhvwv wkdw
wkh pd{lpdo hhfw lv uhdfkhg dw derxw wzr txduwhuv/ zkhuhdiwhu wkh whup vwuxfwxuh vwduwv
frqyhujlqj edfn wrzdugv wkh ehqfkpdun1 Qrwh wkdw ehfdxvh ri wkh uhodwlyho| vwurqj phdq
uhyhuvlrq ri lqwhuhvw udwhv/ wkh hhfwv ri wklv w|sh ri vkrfn zloo eh prvw surqrxqfhg dw wkh
vkruwhu hqg ri wkh whup vwuxfwxuh1 Dv vxfk/ wklv w|sh ri vkrfn hvvhqwldoo| uhsuhvhqwv d |lhog
fxuyh wlowlqj vkrfn1
Vkrfnv wr wkh fhqwudo whqghqf| ri lq dwlrq glhu gudvwlfdoo| lq wkhlu hhfw iurp rxwsxw jds
vkrfnv1 Gxh wr wkh h{wuhpho| orz phdq uhyhuvlrq lq wkh fhqwudo whqghqf| ri lq dwlrq/ vxfk d
vkrfn zloo eh hhfwlyh ryhu d pxfk orqjhu wlph shulrg1 Khqfh/ wklv w|sh ri vkrfn dhfwv wkh
57hqwluh whup vwuxfwxuh dqg fdxvhv d vkliw ryhu wkh hqwluh pdwxulw| vshfwuxp1 Pruhryhu/ wklv
w|sh ri vkrfn kdv orqj odvwlqj hhfwv rq wkh whup vwuxfwxuh dv fdq eh revhuyhg iurp wkh odvw
sdqho ri Iljxuh 4;1 Hyhq yh |hduv diwhu wkh vkrfn/ qr qrwlfhdeoh frqyhujhqfh wrzdugv wkh
ehqfkpdun fdq eh ghwhfwhg1
Ilqdoo|/ zh dovr qg vrph hhfwv ri rxwsxw jds dqg uhdo lqwhuhvw udwh vkrfnv rq wkh vkruw
hqg ri wkh whup vwuxfwxuh1 Krzhyhu/ wkh vl}h ri wkhvh vkrfnv lv pdunhgo| glhuhqw iurp wkh
vkrfnv wr wkh fhqwudo whqghqflhv1
Lqvhuw Iljxuh 4;
718 Iruhfdvw hydoxdwlrq
Qh{w wr wkh furvv0vhfwlrqdo lvvxhv uhodwlqj wkh pdfurhfrqrp| wr wkh whup vwuxfwxuh dqg ylfh0
yhuvd zh dqdo|}h wkh w ri wkh wlph vhulhv glphqvlrq ri wkh prgho lq pruh ghwdlo1 Zh dqdo|}h
vshflfdoo| wzr lvvxhv= wkh iruhfdvwlqj shuirupdqfh ri wkh vwuxfwxudo prgho dw ydulrxv krul}rqv
dqg wkh txdolw| ri wkh iruhfdvwv/ l1h1 dq dqdo|vlv ri wkh eldvhv lq wkhvh iruhfdvwv1
Vwduwlqj zlwk wkh iruhfdvwlqj shuirupdqfh/ zh frpsduh wkh iruhfdvwlqj ehkdylru ri wkh
prgho djdlqvw wkuhh dowhuqdwlyhv= wkh udqgrp zdon prgho/ dq DU+4, prgho dqg d YDU+4,
uhsuhvhqwdwlrq +lq rxwsxw jds/ lq dwlrq dqg wkh wkuhh0prqwk lqwhuhvw udwh,1 Iluvw/ zh whvw wkh
iruhfdvwlqj shuirupdqfh iru erwk rxwsxw dqg lq dwlrq1 Wdnlqj wkh urrw phdq vtxduh huuru
+UPVH, dv wkh phdvxuh zh ghslfw wkh iruhfdvwlqj shuirupdqfh lq Iljxuh 4<1
Wklv jxuh vhwv rxw wkh udwlr ehwzhhq wkh UPVH ri wkh prgho dqg hdfk ri wkh wkuhh
dowhuqdwlyhv djdlqvw wkh suhglfwlrq krul}rq1 Wkh suhglfwlrq krul}rq lv vwdwhg lq txduwhuv1 Zh
wkxv dqdo|}h iruhfdvwlqj shuirupdqfh iru krul}rqv iurp rqh txduwhu xs wr yh |hduv1 Wkh uvw
sdqho ri wkh jxuh vkrzv wkh suhglfwlyh shuirupdqfh iru wkh rxwsxw jds dqg wkh vhfrqg sdqho
iru lq dwlrq1 Wkh uhvxowv lqglfdwh wkdw wkh prgho kdv d fhuwdlq suhglfwlyh shuirupdqfh1 Wkdw
lv/ wkh dowhuqdwlyh ri qr suhglfwlyh srzhu/ wkh udqgrp zdon prgho/ lv fohduo| rxwshuiruphg
e| rxu prgho zlwk uhgxfwlrqv lq wkh UPVH xs wr doprvw 83( iru rxwsxw dqg derxw 43 wr
48( iru lq dwlrq1 Dovr/ dv orqj dv wkh iruhfdvwlqj krul}rqv vwd| zlwklq d uhdvrqdeoh udqjh/
wkh prgho shuirupv ehwwhu wkdq vwdqgdug DU+4, uhsuhvhqwdwlrqv iru erwk wkh rxwsxw jds dqg
lq dwlrq1 Wkh wklug dowhuqdwlyh +YDU,/ krzhyhu/ vkrzv wkdw wkh prgho lv qrw vxshulru rq
erwk dffrxqwv1 Wkh prgho grhv frqvlvwhqwo| zruvh wkdq wkh YDU uhsuhvhqwdwlrq iru lq dwlrq/
zkloh lw grhv pdujlqdoo| ehwwhu lq suhglfwlqj rxwsxw iru wkh iruhfdvwlqj krul}rq deryh 4 |hdu1
Lqvhuw Iljxuh 4<
Zh dovr dqdo|}h wkh iruhfdvw shuirupdqfh iru ixwxuh |lhog fxuyh hyroxwlrqv1 Khuh zh wdnh
dv d uhohydqw ehqfkpdun wkh udqgrp zdon prgho dv lw kdv ehhq vkrzq lq wkh olwhudwxuh wkdw
wklv dowhuqdwlyh w|slfdoo| rxwshuirupv wkh suhglfwlrqv edvhg rq +odwhqw, pxowl0idfwru prghov1
Iljxuh 4< +orzhu0ohiw sdqho, vhwv rxw wkh UPVH udwlr ri wkh prgho uhodwlyh wr wkh udqgrp
58zdon suhglfwlrqv1 Dv fdq eh vhhq iurp wklv jxuh/ zh qg wkdw iru vkruw0whup suhglfwlrqv
zh idfh wkh vdph gl!fxowlhv lq ehdwlqj wkh udqgrp zdon prgho dv wkh vwdqgdug pxowl0idfwru
prghov1 Qrwh/ krzhyhu/ wkdw dowhuqdwlyh uhsuhvhqwdwlrqv lqfoxglqj pdfur yduldeohv +dv lq Dqj
dqg Sld}}hvl/ 5333, dovr uhsruw wklv suhglfwlrq idloxuh dw vkruw krul}rqv1 Qhyhuwkhohvv/ dw
orqjhu suhglfwlrq krul}rqv/ ghshqglqj dv zhoo rq wkh pdwxulw| ehlqj suhglfwhg/ wkh prgho
vwduwv wr rxwshuirup wkh udqgrp zdon prgho1 W|slfdoo|/ wkh vxshulru shuirupdqfh vwduwv iru
suhglfwlrq krul}rqv h{fhhglqj rqh wr wzr |hduv1 Ilqdoo|/ li zh wdnh wkh iruhfdvw shuirupdqfh ri
wkh odwhqw wkuhh idfwru Ydvlfhn prgho dv d ehqfkpdun rqh fdq vhh wkdw rxu prgho rxwshuirupv
wklv ehqfkpdun hvshfldoo| ehwzhhq wkh suhglfwlrq krul}rq ri 5 txdwhuv wr 6 |hduv +Iljxuh 53,1
Lqvhuw Iljxuh 53
D vhfrqg lvvxh frqfhuqv wkh txdolw| ri wkh iruhfdvwv1 Zh whvw iru wkh xqeldvhgqhvv ri wkh
iruhfdvwv wkurxjk uhjuhvvlrqv ri wkh dfwxdo ydoxhv +gdwd, rq d frqvwdqw dqg iruhfdvwhg ydoxhv1
Xqeldvhgqhvv ri wkh iruhfdvwv zrxog lpso| d }hur frqvwdqw dqg d uhjuhvvlrq frh!flhqw rq wkh
iruhfdvwhg ydoxhv htxdo wr rqh1 Wdeoh 9 suhvhqwv wkh uhvxowv ri wklv uhjuhvvlrq iru wkh rxwsxw
jds/ lq dwlrq dqg |lhog fxuyh suhglfwruv1 Dv fdq eh lqihuuhg iurp wklv wdeoh/ zh fdqqrw uhmhfw
wkh k|srwkhvlv wkdw wkh prgho jhqhudwhv xqeldvhg suhglfwruv iru rxwsxw dqg lq dwlrq lq wkh
vkruw0uxq +xs wr 5 txduwhuv iru rxwsxw dqg 7 txduwhuv iru lq dwlrq,1 Krzhyhu/ h{whqglqj wkh
suhglfwlrq krul}rq eh|rqg 5 txduwhuv/ wkh txdolw| ri wkh suhglfwruv ghwhulrudwhv1 Iru doo vhulhv
frqvlghuhg/ zh ghwhfw vljqlfdqw eldvhv lq wkh suhglfwlrqv1 Qrwh/ krzhyhu/ wkdw wklv eldv lv
qrw rqo| suhvhqw lq wkh prgho*v suhglfwlrqv exw dovr lq hdfk ri wkh dowhuqdwlyhv wr wkh prgho
frqvlghuhg1 Dqrwkhu uhpdun wr eh pdgh lq wklv uhvshfw lv wkdw wkh iruhfdvwv/ dowkrxjk eldvhg/
vwloo ghwhfw vrph vljqlfdqw sdwwhuq1 Doo ri wkh olvwhg frh!flhqwv duh vljqlfdqwo| glhuhqw
iurp }hur/ lqglfdwlqj dw ohdvw d srvlwlyh fryduldwlrq ehwzhhq wkh dfwxdo dqg wkh iruhfdvwhg
vhulhv1 Wkh erwwrp olqh wkxv vhhpv wr eh wkdw dowkrxjk wkh prgho |lhogv vwdwlvwlfdoo| uhohydqw
iruhfdvwv/ lq whupv ri UPVH uhgxfwlrqv/ wkh prgho grhv qrw sdvv wkh whvw ri jhqhudwlqj
rswlpdo/ lq wkh vhqvh ri xqeldvhg/ suhglfwruv1 Ilqglqj ehwwhu suhglfwruv/ jhqhudwhg e| ehwwhu
prghov/ uhpdlqv rqh ri wkh srvvleoh urxwhv iru ixwxuh uhvhdufk1
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Lq wklv sdshu zh kdyh suhvhqwhg d phwkrgrorj| wr hvwlpdwh d frqwlqxrxv wlph prgho ri wkh
whup vwuxfwxuh lqfrusrudwlqj erwk revhuydeoh dv zhoo dv odwhqw idfwruv lq wkh vwdwh yhfwru1
Wkh iudphzrun lv  h{leoh hqrxjk vr wkdw wkh vwdwh vsdfh fdq eh lqfuhdvhg wr lqfoxgh rwkhu
revhuydeoh ru qrq0revhuydeoh idfwruv dqg wr hqfrpsdvv d zlgh ydulhw| ri lqwhuhvw udwh uxohv lq
erwk wkhvh idfwruv1 Dv vxfk/ lw lv zhoo vxlwhg wr wdfnoh txhvwlrqv uhodwhg wr wkh lqwhuuhodwlrqv
ehwzhhq qdqfldo pdunhwv dqg wkh pdfurhfrqrp|1
Zh xvhg wkh phwkrgrorj| wr hvwlpdwh d ihhgedfn uxoh rq wkh hqwluh whup vwuxfwxuh ri lqwhu0
hvw udwhv1 Wkh prgho hvwlpdwhg lq wklv sdshu lv dnlq wr wkh vwdqgdug ylhz lq wkh prqhwdu| olw0
hudwxuh rq Wd|oru uxohv1 Pruh vshflfdoo|/ zh xvhg wkh vwdqgdug djjuhjdwh ghpdqg0djjuhjdwh
vxsso| olwhudwxuh wr lghqwli| wkh pdfurhfrqrplf g|qdplfv dqg lpsrvhg wkh ihhgedfn uxoh dv d
orqj0uxq dwwudfwru iru wkh uhdo lqwhuhvw udwh1 Hvwlpdwlqj wkh prgho/ zh qg wkdw wkh vwdqgdug
ihhgedfn uxoh lq revhuyhg lq dwlrq dqg rxwsxw lv qrw uhwdlqhg dv d ydolg ghvfulswlrq ri wkh
erqg pdunhwv1 Revhuyhg lq dwlrq dqg rxwsxw w|slfdoo| gr qrw kdyh wkh g|qdplf surshuwlhv
uhtxluhg wr w furvv0vhfwlrqdoo| wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Lqvwhdg/ zh qg hylghqfh
lq idyru ri d glhuhqw w|sh ri vkruw0whup uhdo lqwhuhvw udwh uxoh zkhuh wkh fhqwudo edqnhu uhdfwv
erwk wr d +odwhqw, fhqwudo whqghqf| ri lq dwlrq dqg wr wkh jds ehwzhhq revhuyhg lq dwlrq dqg
wklv fhqwudo whqghqf|1 Lq sduwlfxodu/ pryhphqwv ri lqwhuhvw udwhv duh edvlfdoo| rqh0wr0rqh zlwk
wkh fhqwudo whqghqf| ri lq dwlrq/ zklfk lq lwv wxuq fdq eh lqwhusuhwhg dv d orqj0uxq lq dwlrq
iruhfdvw1
Reylrxvo|/ d qxpehu ri fdyhdwv qhhgv wr eh wdnhq lqwr dffrxqw1 Iluvw/ rxu prgho uhsuhvhqwv
dq hfrqrp| zlwk shuihfw qdqfldo pdunhwv1 Wkdw lv/ zh kdyh dvvxphg iurp wkh vwduw wkh
devhqfh ri pdunhw vhjphqwdwlrq1 Pruhryhu/ zh kdyh dvvxphg wkdw wkh sulfhv ri ulvn duh
fdswxuhg zlwklq wkh iudphzrun ri hvvhqwldoo| d!qh prghov1 Erwk wkhvh dvvxpswlrqv pd| eh
d vhulrxv ryhuvlpsolfdwlrq ri uhdolw| dqg pd| dhfw wkh hvwlpdwhg Wd|oru0w|sh uxoh1 Wkh|
reylrxvo| dovr vhw rxw d uhvhdufk djhqgd1 Iru lqvwdqfh/ dq lqwhuhvwlqj h{whqvlrq ri wklv prgho
lv wr frqvlghu d eurdghu fodvv ri prghov +iru lqvwdqfh/ wkh fodvv ri txdgudwlf whup vwuxfwxuh
prghov/ TWVPv/ vhh Dkq hw do1 +5333,,/ ru wr frqvlghu pruh frpsoh{ g|qdplf vwuxfwxuhv iru
wkh pdfurhfrqrp|1 Dowhuqdwlyho|/ zh frxog vwduw wr h{solflwo| hvwlpdwh jhqhudo htxloleulxp
prghov lqfrusrudwlqj erwk wkh pdfurhfrqrp| dqg wkh erqg pdunhwv zlwklq wkh iudphzrun
ri d!qh frqwlqxrxv wlph prghov/ dorqj wkh olqhv ri Ehudugl +5334,d q gZ x+ 5333,1 Wkhvh
srvvleoh h{whqvlrqv duh ohiw iru ixwxuh uhvhdufk1
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^6` Ednvkl/ J1 V1 dqg ]1 Fkhq/ +4<<9,/ Lq dwlrq/ Dvvhw Sulfhv dqg wkh Whup Vwuxfwxuh ri
Lqwhuhvw Udwhv lq Prqhwdu| Hfrqrplhv/ Uhylhz ri Ilqdqfldo Vwxglhv </ qr1 4/ 57405:81
^7` Ehdjohkroh/ G1 U1 dqg P1 V1 Whqqh| +4<<4,/ Jhqhudo Vroxwlrqv ri Vrph Lqwhuhvw Udwh0
Frqwlqjhqw Fodlp Sulflqj Htxdwlrqv/ Wkh Mrxuqdo ri Il{hg Lqfrph/ 9<0;61
^8` Ehudugl/ D1 +5334,/ Krz Vwurqj lv wkh Uhodwlrq Ehwzhhq wkh Whup Vwuxfwxuh/ Lq dwlrq
dqg JGSB/ zrunlqj sdshu1
^9` Eolvv/ U1 +4<<:, Whvwlqj Whup Vwuxfwxuh Hvwlpdwlrq Phwkrgv/ Dgydqfhv lq Ixwxuhv dqg
Rswlrqv Uhvhdufk </ 4<:05641
^:` Eroohuvohy/ W1 dqg M1 Zrrogulgjh +4<<5,/ Txdvl0Pd{lpxp Olnholkrrg Hvwlpdwlrq dqg
Lqihuhqfh lq G|qdplf Prghov zlwk Wlph0Ydu|lqj Fryduldqfhv/ Hfrqrphwulf Uhylhzv 44/
47604:51
^;` Exudvfkl/ D1 +4<<9,/ Krz Odujh lv wkh Lq dwlrq Ulvn Suhplxp lq wkh X1V1 Qrplqdo
Whup VwuxfwxuhB/ zrunlqj sdshu/ LID Orqgrq Exvlqhvv Vfkrro/ qr1 5651
^<` Fkhq/ U10U1 dqg O1 Vfrww +4<<6,/ Pd{lpxp Olnholkrrg Hvwlpdwlrq iru d Pxowl0Idfwru
Htxloleulxp Prgho ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/ Mrxuqdo ri Il{hg Lqfrph/
Ghfhpehu/ 470641
^43` Fodulgd/ U1/ M1Jdoð dqg P1 Jhuwohu +4<<;,/ Prqhwdu| Srolf| Uxohv lq Sudfwlfh1 Vrph
Lqwhuqdwlrqdo Hylghqfh/ Hxurshdq Hfrqrplf Uhylhz 75/ 43660439:1
^44` Gdl/ T1 dqg N1 Vlqjohwrq +5333,/ Vshflfdwlrq Dqdo|vlv ri D!qh Whup Vwuxfwxuh Prg0
hov/ M r x u q d or iI l q d q f h / y1 OY/ 4<7604<:;/ dovr dsshduhg dv QEHU zrunlqj sdshu 945;
+4<<:,1
^45` Gdl/ T1 dqg N1 Vlqjohwrq +5334,/ H{shfwdwlrq Sx}}ohv/ Wlph0Ydu|lqj Ulvn Suhpld/ dqg
D!qh Prghov ri wkh Whup Vwuxfwxuh/ M r x u q d or iI l q d q f l d oH f r q r p l f v /i r u w k f r p l q j 1
^46` gh Mrqj/ I1 +5333,/ Wlph Vhulhv dqg Furvv0vhfwlrq Lqirupdwlrq lq D!qh Whup0Vwuxfwxuh
Prghov/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/4 ; /q r 16 /6 3 3 0 6 4 7 1
5<^47` Gxdq/ M10F1 dqg M10J1 Vlprqdwr +4<<<,/ Hvwlpdwlqj dqg Whvwlqj H{srqhqwldo0D!qh
Whup Vwuxfwxuh Prghov e| Ndopdq Ilowhu/ Uhylhz ri Txdqwlwdwlyh Ilqdqfh dqg Df0
frxqwlqj/ 46/ 5/ 44404681
^48` Gxhh/ J1 +5334,/ Whup Suhpld dqg Lqwhuhvw Udwh Iruhfdvwv lq D!qh Prghov/ zrunlqj
sdshu/ Kddv Vfkrro ri Exvlqhvv/ iruwkfrplqj lq Mrxuqdo ri Ilqdqfh1
^49` Gxhh/ J1 dqg U1 Vwdqwrq +5334,/ Hvwlpdwlrq ri G|qdplf Whup Vwuxfwxuh Prghov/
zrunlqj sdshu/ Kddv Vfkrro ri Exvlqhvv/ X1F1 Ehunhoh|1
^4:` Iohplqj/ P1 dqg H1 Uhprorqd +5334,/ Wkh Whup Vwuxfwxuh ri Dqqrxqfhphqw Hhfwv/
zrunlqj sdshu1
^4;` Jdoodqw/ D1 dqg J1 Wdxfkhq +4<<5,/ D Qrqsdudphwulf Dssurdfk wr Qrqolqhdu Wlph
Vhulhv Dqdo|vlv= Hvwlpdwlrq dqg Vlpxodwlrq/ lq G1 Euloolqjhu/ S1 Fdlqv/ M1 Jhzhnh/ H1
Sdu}hq/ P1 Urvhqeodww/ dqg P1 Wdttx/ hgv1/ Qhz Gluhfwlrqv lq Wlph Vhulhv Dqdo|vlv/
Sduw LL/ Qhz \run= Vsulqjhu Yhuodj/ :40<51
^4<` Kduyh|/ D1 F1 +4<;<,/ Iruhfdvwlqj/ Vwuxfwxudo Wlph Vhulhv Prghov dqg Ndopdq Ilowhu/
Fdpeulgjh Xqlyhuvlw| Suhvv1
^53` Nqh} S1/ Olwwhupdq U1 dqg M1 D1 Vfkhlqnpdq +4<<7,/ H{sorudwlrqv lqwr Idfwruv H{sodlq0
lqj Prqh| Pdunhw Uhwxuqv/ M r x u q d or iI l q d q f h / 7</ 4;9404;;51
^54` Nr}lfnl V1 dqg S1D1 Wlqvoh| +5334, Vkliwlqj hqgsrlqwv lq wkh whupv vwuxfwxuh ri lqwhuhvw
udwhv/ Mrxquqdo ri Prqhwdu| Hfrqrplfv/ 7:/ 94609851
^55` PfFxoorfk/ M1 dqg K1 Nzrq +4<<6,/ X1V1 Whup Vwuxfwxuh Gdwd/ 4<7:04<<4/ Rklr Vwdwh
Xqlyhuvlw| Zrunlqj Sdshu <6091
^56` Prohu/ F1 dqg F1 Ydq Ordq +4<:;,/ Qlqhwhhq Gxelrxv Zd|v wr Frpsxwh wkh H{srqhqwldo
ri D Pdwul{/ VLDP Uhylhz 53/ qr1 7/ ;340;691
^57` Shduvrq/ Q1 dqg W1 Vxq +4<<7,/ H{sorlwlqj wkh Frqglwlrqdo Ghqvlw| lq Hvwlpdwlqj wkh
Whup Vwuxfwxuh = Dq Dssolfdwlrq wr wkh Fr{/ Lqjhuvroo dqg Urvv Prgho/ Mrxuqdo ri
Ilqdqfh 7</ qr1 7/ 45:< 0 46371
^58` Sld}}hvl/ P1 +5334,/ Dq Hfrqrphwulf Prgho ri wkh \lhog Fxuyh zlwk Pdfurhfrqrplf
Mxps Hhfwv/ QEHU zrunlqj sdshu ;5791
^59` Zx/ W1/ +5333,/ Pdfur Idfwruv dqg wkh D!qh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/ zrunlqj
sdshu1
63Dsshqgl{ D= Frpsxwlqj wkh h{srqhqwldo ri d pdwul{
Lq wklv dsshqgl{/ zh suhvhqw wkh surfhgxuh xvhg lq wklv sdshu wr jhqhudwh wkh frqglwlrqdo
h{shfwdwlrqv dqg yduldqfh fryduldqfh pdwul{ iru wkh ohyhov ri wkh idfwruv1 Lq hvvhqfh/ wkh
sursrvhg surfhgxuh vroyhv wkh sureohp ri wkh frpsxwdwlrq ri dq h{srqhqwldo ri d pdwul{ +vhh
Prohu dqg Ydq Ordq +4<:;,,1 Wkh surfhgxuh zh iroorz lv wr frpsxwh wkh yduldqfh0fryduldqfh
pdwul{ iurp wkh udz uvw dqg vhfrqg prphqwv=
fry|+i￿ +v,>i ￿ +v,, @ H +i￿ +v, i￿ +v, m i +w,, H +i￿ +v, m i +w,,H +i￿ +v, m i +w,, +5:,
zlwk v @ w . k= Zh/ wkhuhiruh/ qhhg wr frpsxwh wkh frqglwlrqdo h{shfwdwlrqv iru wkh idfwruv
dqg doo ri lwv furvv0surgxfwv iru wkh wlph krul}rq k +htxdo wr rqh txduwhu lq rxu fdvh, ryhu dq|
ghvluhg wlph lqwhuydo w1 Iru wklv sxusrvh/ zh uvw frqvwuxfw wkh t { 4 yhfwru j frqwdlqlqj wkh
h{shfwdwlrqv ri wkh idfwruv/ lwv vtxduhv dqg doo srvvleoh furvv0surgxfwv=
j+v,  H￿
| +i￿ +v,>===>iD +v,>i2
￿ +v,>===>i2
D +v,>i ￿+v,i2 +v,>===>i￿ +v,iD +v,>
i2 +v,i￿+v,>===>i 2+v,iD +v,>i ￿ +v,ie+v, >i ￿ +v,iD+v, >i e+v,iD +v, m i +w,, ￿
+5;,
Wkh g|qdplfv iru wklv vwdwh yhfwru fdq eh frqvwuxfwhg e| phdqv ri Lwr*v ohppd1 Iluvw/ iru
wkh uvw irxu urzv/ l1h1 wkh idfwruv wkhpvhoyhv/ zh kdyh wkh dvvxphg g|qdplfv
gi +v,@N+  i +v,,gv . VgZ+v,= +5<,
zklfk/ wdnlqj h{shfwdwlrqv/ jlyhv=
H￿


















iru l @4 >===>q1 Xvlqj wkh idfw wkdw H￿





dqg wkh ghqlwlrqv lq Ht1+5;,





Iru wkh iroorzlqj q hohphqwv ri wkh yhfwru j zklfk frqwdlq wkh vtxduh ri wkh idfwruv/ zh























































iru l @4 >===>q1 Zh frqvwuxfw wkh iroorzlqj dx{loldu| pdwul{ wr khos lghqwli| wkh dssursuldwh
hohphqwv ri wkh yhfwru j=
p @
3
E E E E E
C
q .4 q .9 q .: q .; q .<
q .9 q .5 q .4 3 q .4 4 q .4 5
q .: q .; q .6 q .4 6 q .4 7
q .< q .4 3 q .4 4 q .7 q .4 8
q .4 5 q .4 6 q .4 7 q .4 8 q .8
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iru l @4 >===>q1I r uw k h q d oh o h p h q w vr ij frqwdlqlqj wkh furvv0whupv ri wkh idfwruv/ zh kdyh
wkdw=
H￿
| ^g+i￿ +v,i￿ +v,,` @ H￿
| ^i￿ +v,gi ￿ +v,.i￿ +v,gi ￿ +v,.gi ￿ +v,gi ￿ +v,`=
Dvvxplqj wkdw H￿
| ^gZ￿ +v,gZ￿ +v,` @ 3 iru l>m @4 >===>q dqg l 9@ m/ zh rewdlq=
H￿











N￿c? +?c￿i?c￿+v,,gv . V￿c?gZ?c￿ +v,
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Qrwh wkdw wkh g|qdplfv fdq eh uhvwdwhg lq whupv ri wkh yhfwru j =
gj+v,@+  . j+v,,gv1 +67,
Vlqfh wkh frqglwlrqdo h{shfwdwlrqv frqwdlqhg lq wkh yhfwru j duh frpsxwhg iru hdfk srlqw lq
wlph w/z hk d y hw k d wgv @ gk zklfk jlyhv wkh iroorzlqj vroxwlrq=
65j+w . k,@3￿.hl￿ +j+w,.3￿, +68,
Pdnlqj +k,@hl￿ jlyhv
j+w . k,@3￿.+k,+j+w,.3￿, +69,
Wkh deryh htxdwlrq vkrzv wkdw lq rughu wr frpsxwh wkh frqglwlrqdo h{shfwdwlrqv dqg wkh
yduldqfh fryduldqfh pdwul{ ri wkh idfwruv/ zh edvlfdoo| qhhg wr frpsxwh wkh pdwul{ +k,1
66Dsshqgl{ E= Hvwlpdwlrq uhvxowv iru wkh vxeshulrgv 4<8;04<:<
dqg 4<;504<<;
Wdeoh E4= Pd{lpxp olnholkrrg hvwlpdwhv +4<8;=T404<:<=T5,
| Z4 |W ZW
V+cu 415<35 314<59 0315588
+3154<9, +3174<9, +314;96,
VZcu 0318<74 04168:: 031;65<
+314:<9, +413<:;, +3154<6,










u 031547; 31<8<8 0313<76 041683:
+314;<9, +414399, +315343, +413679,
bu 8;176:: 0617543 0<15593
+4<1;456, +676184:;, +48:<13987,
4cu 0817838 471<989 4:199;5 7;813:35 0541;445
+418<<5, +519:;7, +51;:73, +77819483, +7175;:,
j2
u 3133379: 3133337; 313333;9 313333337 31333359
+81<4;9:<, +81784<59, +31:;9434, +3193634, +719:<439,
U￿^ 481446;
U2^ 431989; <17<35
U￿+o 61:455 71488: 51:857
U2+o 3138<6 313335 0313334 313333
UD+o 031344;5 0317548 0313334 318:4: 41<<<7
U￿f+o 313<:5 0313:5: 03133:4 31448; 319476 31333:
PO hvwlpdwhv zlwk vwdqgdug huuruv xqghuqhdwk1 Rqo| wkh orzhu gldjrqdo ri wkh phd0
vxuhphqw huuru fryduldqfh pdwul{ lv jlyhq1 Wkhvh ydoxhv duh pxowlsolhg e| 43
S1 Wrwdo
orjolnholkrrg dprxqwv wr 6:99164:4 ru 761:<77 rq dyhudjh +h{foxglqj frqvwdqw lq wkh orj0
olnholkrrg,1
67Wdeoh E5= Pd{lpxp olnholkrrg hvwlpdwhv +4<;5=T404<<;=T7,
| Z4|W ZW
V+cu 317:9; 31366; 031836<
+3158::, +31577;, +31683:,
VZcu 0315894 0316<<< 0415339
+315<<3, +318573, +315<;9,










u 3136:3 318834 031367; 313<87
+3158<<, +317536, +314<83, +318695,
bu 791;6:6 061;::; 0<15896
+4<716983, +<518:5;, +77<;16657,
4cu 0819;<9 4:19:97 651::87 7<;138;; 0<7185;<
+:16:;5, +81538:, +:1883;, +477914:;:, +6317684,
j2
u 31333445 313333<3 31333556 31333334 31333343
+3133334<, +31333355, +313335;3, +31333337, +31333337,
U￿^ 49164<<
U2^ 43199;; ;19448
U￿+o 61:954 714753 613844
U2+o 3138<6 313335 0313334 313333
UD+o 031449: 0317569 0313334 318:3; 41<367
U￿f+o 313<:5 0313:5: 03133:4 3144:6 319488 31333:
PO hvwlpdwhv zlwk vwdqgdug huuruv xqghuqhdwk1 Rqo| wkh orzhu gldjrqdo ri wkh phd0
vxuhphqw huuru fryduldqfh pdwul{ lv jlyhq1 Wkhvh ydoxhv duh pxowlsolhg e| 43
S1 Wrwdo
orjolnholkrrg dprxqwv wr 5;5;1;5;5 ru 7715337 rq dyhudjh +h{foxglqj frqvwdqw lq wkh orj0
olnholkrrg,1
68Iljxuh E4= Hvwlpdwhg idfwru ordglqjv0 Idfwruv 4 wr 6 +4<8;04<:<,1
69Iljxuh E5= Hvwlpdwhg idfwru ordglqjv 0 Idfwruv 7 dqg 8 +4<8;04<:<,1
6:Iljxuh E6= Hvwlpdwhg idfwru ordglqjv 0 Idfwruv 4 wr 6 +4<;504<<;,1
6;Iljxuh E7= Hvwlpdwhg idfwru ordglqjv 0 Idfwruv 7 dqg 8 +4<;504<<;,1
6<Dsshqgl{ F= Lq dwlrq iruhfdvwlqj
Lq wklv dsshqgl{/ zh eulh | ghvfuleh wkh frpsxwdwlrq ri wkh lq dwlrq iruhfdvwv edvhg rq wkh
prgho ghvfulehg lq Vhfwlrq 51 Iru wkh rqh0|hdu dkhdg lq dwlrq iruhfdvw/ zh xvh wkh iroorzlqj
htxdwlrq/ zlwk k @4|hdu=

￿+
s @ W .hEuZ￿￿ +  W,
zkhuh OZ ghqrwhv wkh uhdo sduw ri wkh hljhqydoxh uhodwlyh wr lq dwlrq edvhg rq wkh N pdwul{
+vhh dovr Vhfwlrq 61415 dqg Wdeoh 6,1 Iru wkh frpsxwdwlrq ri wkh iruhfdvwv iru wkh dyhudjh udwh









W . hEuZ￿￿+  W,
l
Wkh uhvxowv iurp dq ROV uhjuhvvlrq ri wkh lq dwlrq iruhfdvwv surylghg e| wkh Vxuyh| ri
Surihvvlrqdo Iruhfdvwhuv rq wkh iruhfdvwv edvhg rq rxu prgho dqg d frqvwdqw duh uhsruwhg lq
Wdeoh F41
Wdeoh F4= Lq dwlrq iruhfdvw uhjuhvvlrqv










Iljxuh 4= Gdwd rq rxwsxw jds/ lq dwlrq/ dqg wkh whup vwuxfwxuh ri lqwhuhvw udwhv +4<8;=T404<<;=T7,1
74Iljxuh 5= Whup vwuxfwxuh w ri glvfuhwh wlph prgho1
75Iljxuh 6= Pdfur0yduldeohv dqg wkhlu hvwlpdwhg fhqwudo whqghqflhv1
76Iljxuh 7= Prgho w +prgho huuruv, ri rxwsxw jds/ lq dwlrq/ dqg uhdo lqwhuhvw udwh1
77Iljxuh 8= Frpsdulvrq ri dyhudjh 40|hdu lq dwlrq iruhfdvw 0 Prgho yv1 Vxuyh| ri Surihvvlrqdo Iruhfdvwhuv1
78Iljxuh 9= Frpsdulvrq ri dyhudjh 430|hdu lq dwlrq iruhfdvw 0 Prgho yv1 Vxuyh| ri Surihvvlrqdo Iruhfdvwhuv
79Iljxuh := Lqwhusuhwdwlrq ri wkh Ydvlfhn ohyho idfwru1
7:Iljxuh ;= Prgho w +prgho huuruv, ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv1
7;Iljxuh <= Hvwlpdwhg frqvwdqw idfwru ordglqj +4<8;04<<;,
7<Iljxuh 43= Hvwlpdwhg idfwru ordglqjv 0 Idfwruv 4 wr 6 +4<8;04<<;,1
83Iljxuh 44= Hvwlpdwhg idfwru ordglqjv 0 Idfwruv 7 dqg 8 +4<8;04<<;,1
84Iljxuh 45= Idfwru ghfrpsrvlwlrq ri ulvn suhplxp1
85Iljxuh 46= Lpsxovh uhvsrqvh dqdo|vlv ri rxwsxw vkrfnv1
86Iljxuh 47= Lpsxovh uhvsrqvh dqdo|vlv ri lq dwlrq vkrfnv1
87Iljxuh 48= Lpsxovh uhvsrqvh dqdo|vlv ri uhdo lqwhuhvw udwh vkrfnv1
88Iljxuh 49= Lpsxovh uhvsrqvh dqdo|vlv ri vkrfnv wr wkh fhqwudo whqghqf| ri rxwsxw1
89Iljxuh 4:= Lpsxovh uhvsrqvh dqdo|vlv ri vkrfnv lq wkh fhqwudo whqghqf| ri lq dwlrq1
8:Iljxuh 4;= Wlph hyroxwlrq ri |lhog fxuyh diwhu d vwuxfwxudo vkrfn1
8;Iljxuh 4<= Iruhfdvwlqj shuirupdqfh ri wkh prgho uhodwlyh wr wkh udqgrp zdon/ DU+4, dqg YDU+4,1
8<Iljxuh 53= Iruhfdvwlqj shuirupdqfh ri wkh prgho uhodwlyh wr wkh odwhqw idfwru prgho1
93